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Abstract

We presenta flexible procedurefor a resource-bounded
agentto allocatelimited computationalresourcesto on-line
problemsolving. Our APPROXIMATE AND COMPENSATE
methodologyextendsa well-known greedytime-slicingap-
proachto conditionsin which performanceprofilesmay be
non-concave and there is uncertainty in the environment
and/orproblem-solvingproceduresof an agent. With this
method,theagentfirst approximatesproblem-solvingperfor-
manceandproblemparameterswith standardparameterized
models.Second,theagentcomputesa risk-managementfac-
tor that compensatesfor the risk inherentin the approxima-
tion. Therisk-managementfactorrepresentsamean-variance
tradeoff that may be derived optimally off-line using any
available information. Theoreticalandexperimentalresults
demonstratethatAPPROXIMATE AND COMPENSATE extends
existing methodsto new problemsandexpandsthepractical
applicationof meta-deliberation.

INTRODUCTION
We are interestedin agents that actively managehow
their limited computationalresourcesareallocatedto prob-
lem solving in time-constrainedenvironments. This meta-
deliberation problemcan take the form of the agentallo-
catingresourcesamonga competingcollectionof problem-
solving procedures(Georgeff & Lansky 1987; Garvey &
Lesser1993; Gomes& Selman2001), amonga sequence
of future computationalchallenges(Boddy & Dean1994;
Zilberstein1993),or amonga competingcollectionof pos-
sible future challenges(Horvitz 2001;Greenwald & Dean
1994). A sampleof domainsfor which meta-deliberation
solutionshave beensuggestedincludeBayesianreasoning
(Horvitz, Suermondt,& Cooper1989; Horvitz & Breese
1990), robotics(Boddy & Dean1994;Zilberstein& Rus-
sell 1993), graphicsrendering(Horvitz & Lengyel 1997),
andreal-timescheduling(Greenwald& Dean1994).

In order to make meta-deliberationdecisionsthe agent
musthavesomepredictiveinformationaboutthechallenges
(probleminstances)it will encounterandproblem-solving
proceduresavailable to apply to eachprojectedchallenge.
A commonexampleis a profile representingthe expected
quality of a resultasa functionof theamountof time spent
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problemsolving (Boddy& Dean1994;Zilberstein& Rus-
sell 1996;Horvitz 2001).

For example,atime-criticalmedicaldecisionsupportsys-
temmusttradeoff thebenefitsof problemsolvingduringde-
cisionsupportagainstthecostof delayedtreatment.Every
minutedelayedin treatingseriousinjury in an emergency
centercanreducethe probability of patientsurvival by ap-
proximately1%(Clarkeetal. 2001).While asurgeonis op-
erating,thesystemmight reasonaboutpossiblefuturecom-
putationalchallenges,makinguseof probabilisticmodelsof
surgicalprocedurecompletiontimesandcomplications.

Themostconvenientandfrequentlyemployedpredictive
model is a concave increasingfunction mappingcomputa-
tion time to expectedsolutionutility. While generalmeta-
deliberationis computationallyintractable,this form of pro-
file admits optimal greedy time-slicing methods(Boddy
& Dean1994; Etzioni 1991; Zilberstein& Russell1996;
Horvitz 2001)thatmaybeappliedin time-criticalsituations
(on-line). Unfortunately, as we discuss,not all problem-
solvingproceduresareaccuratelymodeledwith concave in-
creasingfunctions.

Meta-deliberationsolely basedon functionsof expected
performanceignoresthe uncertaintyof applying problem-
solving proceduresto new problems. Put anotherway,
problem-solvingproceduresmayexhibit considerablevari-
ancein performanceacrosschallenges(probleminstances).
There is a risk that statisticalprofiles will poorly capture
run-time behavior. Correspondingly, narrow variancehas
been cited as an important property in designingeffec-
tiveproblem-solvingalgorithms(Zilberstein1996;Boddy&
Dean1994). By contrast,meta-deliberationbasedon mod-
ernportfolio theory(Gomes& Selman2001)embracesand
exploits varianceasa tool in improving resourceallocation.
Uncertaintymay also arisein the agent’s model of which
challengemightoccurin thefutureandhow muchtimewill
beavailablefor time-criticalproblem-solving.

Our goal in this work is to develop a meta-deliberation
methodthat retainsthe on-line efficiency of greedytime-
slicing but admits applicationto problemswith (1) non-
concave performanceprofiles, (2) variance in problem-
solvingperformanceover thetargetrangeof computational
challenges,and (3) uncertaintyin the parametersof cur-
rentandfuturechallenges.Our APPROXIMATE AND COM-
PENSATE methodaddsflexibility to existing greedymeth-



odsby allowing off-line tuningto bettermeetrealproblem-
solving� conditions.First, the agentapproximatesproblem-
solvingperformanceandchallengeparameterswith concave
increasingfunctions. Second,the agentcomputesa risk-
managementfactorthatcompensatesfor therisk inherentin
theapproximations.Therisk-managementfactorrepresents
a mean-variancetradeoff thatmaybederivedoff-line using
any availableinformation.Theagentthencombinestheap-
proximateprofilesandcompensationfactorinto an on-line
greedytime-slicingmeta-deliberationprocedure.

This methodrepresentsa novel combinationof portfolio
optimization,meta-deliberation,andcontinualcomputation
techniques.APPROXIMATE AND COMPENSATE providesan
agenttheability to “hedgebetsaboutperformance”(Horvitz
& Zilberstein2001)andmanageuncertainty.

We first introducea generalterminology for capturing
problem-solvingperformancein a varietyof environments.
We thenpresentthe on-line portion of the APPROXIMATE
AND COMPENSATE methodandshow that theprocedureis
theoreticallysound.Wethenprovideexperimentalresultsto
explore the effective useof the flexibility providedby AP-
PROXIMATE AND COMPENSATE . We show that off-line
tuningof compensationparameterscanprovide thebenefits
of fully on-linemethodswithoutasignificantincreasein on-
line costs.

MODELS OF META-DELIBERATION
In single-periodcontinual computation, Horvitz (Horvitz
2001)differentiatestwo consecutive time intervals: before
andafter a discretechangein the stateof knowledgeof a
problem-solvingagent. In the first time interval the agent
doesnot know the next computationalchallengebut may
have probabilistic information aboutwhich challengesare
more likely to occur next and when they are likely to oc-
cur. Thesecondtime interval is precipitatedby someevent
at which the agentlearnsthe next challengedeterministi-
cally. Theendof the secondtime interval occurswhenthe
agenthas computedits best responseto the known chal-
lenge,giventhecostof delayedresponse.Thefirst time in-
terval is referredto as“idle time.” A continualcomputation
agentmakesuseof thisotherwisewastedidle timein prepar-
ing to respondto challenges.Following Horvitz (Horvitz
2001),we refer to the first time interval asprecomputation
time. We referto thesecondtime interval asreactiontime.

We make the simplifying assumption(Horvitz 2001;
Boddy & Dean 1994) of a one-to-onemappingbetween
computationalchallengesandproblem-solvingprocedures.
We focuson themeta-deliberationproblemof allocatingre-
sourcesamongindependentproblem-solvingproceduresfor
the next unknown challenge. Eachprocedureis allocated
a fraction of the available computationtime. Extending
our methodsto sequentialchallengesand communicating
problem-solvingproceduresis discussedat the endof this
paper.

By allocatingcomputationbefore the next challengeis
known we areprecomputinga solution to a challengethat
may or may not be presentedto us. Thus,the valueof al-
locatingcomputationtime to a problem-solvingprocedure

is only stochasticallyknown in theprecomputationtime in-
terval. Precomputationtime allocatedto challenge����� is
denoted�	��
 � . Thetimespentreactingto challenge� afterthe
observationpoint is denoted��
�
 � . Thetotal timeallocatedto
reasoningaboutchallenge� is therefore� ��
 ��� � 
�
 � . Although
theresultof problem-solvingdependsonly on thetotal time
allocation,theutility of the resultdependson how thetotal
time is split betweenprecomputationandreaction.

Following Horvitz (Horvitz 2001),we definea value-of-
precomputationfunction, � ��� � ��
 ��� , to representthe net util-
ity achieved if challenge � occurs, given precomputation
time � ��
 � , andassumingthat the agentreasonsfor an “op-
timal” lengthof time oncethe uncertaintyis resolved and
the challengehasoccurred. What constitutesoptimal re-
active reasoningdependson the computationalmodel of
the agentand the time-critical natureof the environment.
In (Parkes& Greenwald 1999)we show how to model the
value-of-precomputation function for many commonmeta-
deliberationproblems.Table1 summarizestheseresults.

A value-of-precomputationfunctioncombinesamodelof
theintrinsicvalueof theproblem-solvingresultwith thecost
of not respondingimmediatelyat the point a challengeis
observed.For example,assumetheagentdeliberateswith a
run-to-completion(alsoknown asall-or-nothing)algorithm
thatachievesa value ��������� � for challenge� if allocatedto-
tal time at least �! #"�$%
 � , andzerovalueotherwise.Undera
soft deadlinemodel,theutility of theresponseis derivedby
subtractingthecost-of-delay, &('�)+* �,� � 
�
 ��� , from theachieved
value ( &('�)+* �,� � �.-0/�1 �.2 / ). This is a commonmethod
for accountingfor cost-of-delay(Dean& Wellman 1991).
Note that, in this model, cost-of-delayis not incurredun-
til the challengeis observed (i.e. it is only a function of
the reactiontime). For theseproblemsthe agentrequires�! #"3$4
 �657�	��
 � time to completethe computationbeforere-
sponding. The value-of-precomputationfunction for each
challenge� is then

� ��� � ��
 �8�9- �:������� � 5;&('�)+* ��� �  #"�$4
 � 5<� ��
 �	� (1)

As a secondexample,consideran agentthat deliberates
with an anytime/flexible problem-solvingprocedure. For
this type of computationthe intrinsic value of responding
to challenge� is capturedby anexpectedperformancepro-
file, �:������� �,� � ��
 �#� � 
�
 �	� , thatvariesasa functionof thesum
of precomputationandreactiontime. Underthis modelof
computationthe agenthasthe flexibility to choosea level
of reactivecomputationthatoptimizesutility, undera given
cost-of-delaymodel. We can determinean optimal level
of reactive computationfor any level of precomputation
(denoted��=
�
 � � � ��
 �	� ) and encodeit directly in the value-of-
precomputationfunction,asfollows:

� ��� � ��
 ���9-7>@?�ABDCFE GIH �:������� �,� � ��
 �:� � 
�
 ��� 5;&6'�)+* ��� � 
�
 �	�+J (2)

Figure 1 illustrates the processof deriving a value-of-
precomputationfunction.Thepropertiesof bothvaluefunc-
tion and cost-of-delaycombineto determinethe shapeof
the value-of-precomputationfunction and, as we discuss,
the optimality of a greedytime-slicing approachto meta-
deliberation. Table1 indicatesthe shapesof variouscom-
binationsof value and cost functions. Commonly found



Computation Model
Time-critical Run-to Anytime

Model completion Concave Linear Convex
-increasing -increasing -increasing

HardDeadline K L L K
Cost-of Convex-increasing L L L K
-Delay Linear-increasing L L L K
Function Concave-increasing K K K K

Table1: Characterizingthevalue-of-precomputationfunctionsof commonmeta-deliberationproblems.Meta-deliberationproblemsopti-
mally solvedby greedytime-slicingaremarked M .

valuefunctionsareconcave increasingandintuitively cap-
ture problem-solvingprocedureswith diminishing returns
over time. Convex increasingcost-of-delayfunctionsrep-
resentchallengesfor which it becomesincreasinglycostly
to delayactionover time.

−5 0 5 10 15
−100

−50

0

50

100

150

200

← Precompute time, t
p
            Reaction time, t

r
 →

U
til

ity

←    t
p
   → ←          t

r
*         →

f(t
p
)

 Value(t
p
 + t

r
)

 Value(t
p
 + t

r
) −  Cost(t

r
)

 Cost(t
r
)-

(a)

0 5 10 12.4 15 20
80

90

100

110

120

130

140

150

160

Precomputation time, t
p

Va
lue

−o
f−P

rec
om

pu
tat

ion
, f(

t p)

→       t*
r
 = 0t*

r
 > 0       ←

(b)

Figure 1: Determiningthe value-of-precomputationfor a chal-
lengewith a linear cost-of-delayfunction NPORQ�S!TVUFWYX[Z\U andan
anytime algorithmwith a concave increasingperformanceprofile,]_^a` bdc TVU�W6X;egf\hjike+lRhRmRnporq�s : (a) computingtheoptimal reaction
timewhenallocatedprecomputationtime U8tuX�l ; (b) thecomplete
value-of-precomputationcurve, v\wFTVU t W , h.x;U t xzyRh . Note that
for U8t|{}e+y�~ Z it is optimal to respondimmediatelyuponobserv-
ing thechallenge;while for U t x7egy�~ Z it is optimalto spendsome
additionaltimeproblem-solvingafterthechallengeis observed.

An agentmeta-deliberatesabouthow to allocatethe to-
tal precomputationtime acrosspossiblenext challenges,� ,� � -�� �	��
 � 1R�\�\�\1 �	��
 � � . Let �(� H �g� � J (abbreviated �:� ) be
theprobability that,givenexisting knowledge � , challenge�9��� will bethenext challengeobserved.Meta-deliberation

thatmaximizesexpectedvalue-of-precomputationsolves

>�?�A�	��� � � � � ��� � ��
 �	� (3)

suchthat for each � , � ��
 �|��/ and � � � ��
 � 2�� for some
fixed idle time � . It is straightforward to generalizethis
optimizationto distributionsover idle time(seeEquation4).

APPROXIMATE AND COMPENSATE
Greedymethods(Boddy & Dean1994;Etzioni 1991;Zil-
berstein& Russell1996; Horvitz 2001) provide effective
on-linemeta-deliberationin time-criticalenvironments.Un-
fortunately, the optimality of thesemethodsis limited to a
subsetof all interestingmeta-deliberationproblems.In this
sectionwe extendtheeffective useof greedyon-linemeth-
odsto problemswith (1) non-concaveperformanceprofiles,
(2) variancein problem-solvingperformanceover thetarget
rangeof computationalchallenges,and (3) uncertaintyin
theparametersof currentandfuturechallenges.Ourmethod
addsflexibility to existing greedymethodsby allowing off-
line tuning to bettermeetreal problem-solvingconditions.
Ourmethodmixesthegreedytime-slicingmethodsuggested
by Horvitz (Horvitz 2001)with a mean-variancetechnique
usedin traditionalportfolio theory(Markowitz 1959).

In this section we introduce the APPROXIMATE AND
COMPENSATE meta-deliberationmethod.Thenameof the
method is derived from the two ways it extendsgreedy
time-slicing. First, we explicitly acknowledge that of-
tentimesmeta-deliberationmust operateon performance
profiles that only approximatethe “true” performanceof
problem-solvingprocedures. Second,we compensatefor
theseapproximationswith a risk-managementfactor that
representsamean-variancetradeoff thatmaybederivedoff-
line usingany availableinformation.

More specifically, APPROXIMATE AND COMPENSATE
operatesonapproximatevalue-of-precomputation functions�� � andarisk-aversionparameter� . Therisk-aversionparam-
eter � is intendedto encodeeithera risk-preferencein the
meta-deliberationsolutionwhen

�� ��- � � , or compensatefor
usingapproximationswhen

�� ���- � � . Intuitively, � captures
theagent’s confidencethat theapproximatevaluefunctions
will capturerun-timeperformance.If theagentis confident
then it will allocateresourcesas if the approximationsare
accurate.On the otherhand,if the agentis lessconfident
thenit will “hedgeits bets”by allocatingresourcesto mini-



mizetherisk of endingup with a poorsolution.We demon-
strate� experimentallythat this is alsoan effective approxi-
mationtechniquewhenthetruevaluefunctionis known but
non-concave.

Global: �v\w // value-of-precomputationfunctions� w // challengeprobabilities
ProcedureAPPROXIMATE AND COMPENSATE ( ����� �F¡!¢ ) £¤¦¥ � w � w:�v w TVU§ta¨ w W ;

for ©�Xªe to «¬£­R® ^�¯ w ¥°� w�T �vgw�TVU tR¨ w²±.�³W�i �vgw�TVU tR¨ w§WFW ; ´
// Challengethatmaximizesincreasein expectedvalueµ cF^R¶ ¥¸·g¹�º wa» ·\¼ £ ­R® ^�¯ w ´ ;
// Challengethatmaximizesreductionin variance½ ^ ®u¥[·\¹�º w » ·g¼ £ ­R® ^�¯ w T ¤ i �v\wFTVU ta¨ w§WFW�´ ;
// AllocateprecomputationtimeU tR¨ ¾À¿ÂÁ	Ã ¥ U ta¨ ¾À¿ÂÁ	Ã ±�T�e6iÄ��WF� ;U8tR¨ Å�Á	Æ ¥ U8tR¨ Å�Á	Æ#±���� ; ´

Figure 2: APPROXIMATE AND COMPENSATE is called
for eachtime slice of size Ç to determinehow to allo-
cate precomputationtime acrosschallenges� according
to the mean-variancetrade-off encodedin � . The meta-
deliberationsolutionis incrementallyconstructedin vector�\È

(wherecomponent� ��
 � is theallocationto challenge� ).
The APPROXIMATE AND COMPENSATE methodis de-

pictedin Figure2. In decidinghow to allocatea giventime
slice,APPROXIMATE AND COMPENSATE computesthe in-
crementalchangein expectedvalueof eachpossiblechal-
lengeif allocatedthat time slice. It thenidentifiesthechal-
lenge that would have the maximumeffect on increasing
total expectedvalueandthe challengethat would have the
maximumeffect on decreasingtotal variance.The method
allocatesa fractionof the time slice to theproblem-solving
procedurefor theexpectedvaluemaximizingchallengeand
afractionof thetimesliceto theproblem-solvingprocedure
for thevarianceminimizing challenge.Allocation fractions
aredeterminedby theadjustablerisk-aversionparameter� .
As discussedin the next section,when � -É/ the method
reducesto existing greedytime-slicing methods(Horvitz
2001) that maximize expectedvalue. When � -ËÊ the
methodgreedilyminimizesrisk. For any /7Ì � ÌÍÊ the
methodselectsa tradeoff betweenmeanmaximizing and
varianceminimizing behavior. We laterprovide an experi-
mentaldemonstrationthat,undercertainconditions,we can
find any solution on the efficient frontier in approximate
functionspace.

SOUNDNESS
The soundnessof APPROXIMATE AND COMPENSATE can
bedemonstratedby its well-behavedpropertieswhen � -Î/
and � -¸Ê . Thebehavior of this methodfor /ÏÌ � ÌÐÊ is
demonstratedexperimentallyin thenext section.

The following theoremstatesthat APPROXIMATE AND
COMPENSATE canbeuseddirectly to find anoptimalsolu-
tion to thecontinualcomputationproblemwhentheagent’s

trueutility is characterizedby concaveincreasingfunctions.
Thissolutionis foundwhenwe set

�� �P- � � and � -Ñ/ .
Theorem 1. (Mean-Optimality) APPROXIMATE AND

COMPENSATE maximizesexpected-valuewhen � -Í/ for
(weakly)concaveincreasingfunctions

���� as Ç}Ò / .
Proof follows directly from resultsfor continualcompu-

tation (Horvitz 2001). The greedystrategy is globally op-
timal becauseallocatingdeliberationto a procedurefor a
locally suboptimalchallenge:(a) cannotincreasefutureex-
pectedvalue-of-precomputationfromfurtherdeliberationon
thatchallenge(weakconcavity); (b) hasno effect on future
expectedvalue-of-precomputationfor any otherchallenges.

Thefollowing theoremstatesthat this resultholdsfor all
idle timesanddistributionsof challenges.This is possible
becausetheallocationof precomputationtime to eachchal-
lengein the optimal solution for idle time � is monotoni-
cally increasingin � . The meta-deliberationmethodAP-
PROXIMATE AND COMPENSATE is ableto achieve asgood
aperformanceasaprocedurewith distributionalinformation
aboutidle timeandunlimitedcomputationalresources.

Theorem 2. (On-line Optimality) APPROXIMATE AND
COMPENSATE is an optimalon-lineprocedure for solving

>@?�A� � ��Ó �(� � � - � Ó � � � � �
�� ��� � ��
 ��� (4)

for any distribution �(� � � - � Ó � over idle times � Ó , for
(weakly)concaveincreasingfunctions

���� .
We now show thatwhen

�� � is a concave increasingfunc-
tion and � -zÊ , APPROXIMATE AND COMPENSATE will lo-
cally minimize variancein value-of-precomputation, given
theapproximation,from challengeto challenge.

Theorem 3. (Local Variance-Optimality) When� -ÔÊ ,
APPROXIMATE AND COMPENSATE allocatesprecomputa-
tion in thecurrenttime-sliceto thechallengethatminimizes
thevariancein approximatevalue-of-precomputationat the
endof theslice, for (weakly)concaveincreasingapproxima-
tion functions

�� � .
Proof. Let Õ ·\¹ Tr¡ t W¬X � w � w�Ö �vgw�TVU tR¨ wDWF×aØIiÙÖ � w � w �vgw�TVU ta¨ w§WF×RØ ,
denotethevarianceof approximatevalue-of-precomputationfrom
challengeto challenge,given an allocation ¡!¢ . The allocation
over the next time slice that achieves the greatestlocal decrease
in variance,is to thechallengethatminimizes ÚpÕ ·\¹ Tr¡�t�WFÛgÚ²U8tR¨ w Xy � w TrÚ �v w TVU§ta¨ w WFÛgÚ²U8tR¨ w W,T �v w TVU8tR¨ w WÀi ¤ W , where¤ X � w � w��v w TVU8tR¨ w W . As�ÝÜÞh , APPROXIMATE AND COMPENSATE allocatesthe next
time-slice to precomputationon this challenge. Note that there
mustalwaysbeat leastonechallengethatdecreasesvariancewhile
the varianceis non-zerobecausetheremustbe a challengewith�vgwFTVU tR¨ w§Wàß ¤ , and Ú �vgw�TVU tR¨ w§WFÛ\Ú²U tR¨ w is non-decreasingfor concave
increasingfunctions �vgw .

We can also show that APPROXIMATE AND COMPEN-
SATE is an on-line globally optimal varianceminimizing
meta-deliberationmethodfor thespecialcasewhenall chal-
lengesare(1) equallylikely, and(2) havelinearapproximate
value-of-precomputation functionswith the samegradient,�� ��� � ��
 ���(-Ñá � ��
 � , for someconstantá .



EXPERIMENTAL RESULTS
In this sectionwe experimentallydemonstratethe effec-
tive useof APPROXIMATE AND COMPENSATE with /zÌ� Ì0Ê . In the first classof problems,the agentdoesnot
have an exact value-of-precomputationfunction for each
challengebut, rather, a distribution over possiblefunctions.
This may be due to an incompletemodel of the environ-
ment, or approximationsintroducedin the computational
model. In the secondclassof problems,the agentis faced
with non-concave value-of-precomputationfunctions and
choosesa concave approximationthatenablesefficient on-
line meta-deliberation,andcompensatesfor thatapproxima-
tion throughtheselectionof anoptimalrisk-aversionparam-
eteroff-line. Finally, we provide a risk interpretationof the
conditionsunderwhich an agentwould choose� �-Ð/ off-
line.

PROTOTYPE FUNCTIONS

In the following experimentswe consideran agentfacing
two possiblechallenges.Thefirst challengeis modeledwith
anexactvalue-of-precomputation function,while theuncer-
tainty in performanceof theproblem-solvingprocedurefor
the secondchallengeis modeledby a parameterizeddistri-
bution of value-of-precomputationfunctions.The response
to eachchallengeis computeby run-to-completionproblem-
solvingprocedureswith �! #"�$%
 � - �! #"�$%
 â -°ÊR/ . Challenge
1 occurswith probability ��� -Ð/3� ã , andhasan exact cost-
of-delayprofile &6'�)+* � � 
�
 �R�I- � �+ä å
�
 � . Challenge2 occurswith
probability � â�-;/3� æ , andhasa uncertaincost-of-delaypro-
file thatis distributedaccordingto a parameterizeddistribu-
tion, &('�)+* � � 
�
 â��(- ��ç
�
 â , whereè is distributeduniformly be-
tween1.4and2.0(i.e. èêéÑë ��Êì� æ�1!íp� /_� ). Thevalueof anim-
mediateresponseto bothchallengesis ����������� - �:���î���Râ -ï / . Thevalue-of-precomputationfunctionsarecomputedas� ��� � ��
 �	�(- ��ð²ñ§ò�ó � 5Ï&jô�õR� ��� �  :ö:÷(
 � 5 � ��
 �	� (Equation1). The
distribution of value-of-precomputationfunctionsfor chal-
lenge2 thatis inducedby thedistributionovercost-of-delay
functionsis shown in Figure3.

We assumetheagentdoesnot know beforethechallenge
occurshow muchidle timeis availablefor continualcompu-
tation. In thenext sectionwediscusstheeffectsof uncertain
idle timeson the useof completelyoff-line stochasticop-
timization methods. In this sectionwe focusprimarily on
on-linemethods,with or without off-line tuning.

We considerfive alternative techniquesfor solving the
continualcomputationproblemstatedabove. Thefirst tech-
nique(1) is to performoff-line stochasticoptimizationus-
ing thefull distribution over value-of-precomputationfunc-
tions, assumingprior knowledgeof idle time. This tech-
niqueis usedto provideaupperboundonperformance.The
otherfour techniquesusesomeform of greedytime-slicing
over an approximatemodelof value-of-precomputationfor
challenge2, selecting(2) a simplelinearapproximationand� -¸/ , (3) a simplelinear approximationand � optimized
off-line, (4) a prototypeapproximationdrawn from thedis-
tributionof functionsand� -Ñ/ , and(5) aprototypeapprox-
imationoptimally derivedoff-line from thefull distribution
and � -Î/ . Theresultsof theseexperimentsaresummarized
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Figure3: Value-of-precomputationv Ø TVU tR¨ Ø W for an incomplete
meta-deliberationmodel,representedasa parameterizeddistribu-
tion: v Ø TVU ta¨ Ø WøX;ùRh�i�T�e+h�iúU ta¨ Ø W�û , where ü�ýÿþ�T�ea~ Zì��y�~ h�W , forU ta¨ Ø xªe!h . A linearapproximationto themediancurve Trü�XÎea~ faW
is fitted to crossat U8tR¨ Ø X h and U§ta¨ Ø X �

.

in Table2.
Techniques(2-4)useAPPROXIMATE AND COMPENSATE

with simpleprototypes,with only experiment(3) tuning �
off-line. The linear approximationusedin techniques(2)
and (3) is chosento meet the median curve of the dis-
tribution at � ��
 â°- / and � ��
 â°- ��� , where ��� is the
meanidle time. For example,the linear approximationfor�Ðé�ë �Dæ�1��_� is shown in Figure3. The off-line optimiza-
tion of � in technique(3) is implementedthroughexhaustive
search,with the value of � assessedwith stochasticsam-
pling andsimulation. Technique(4) usesthe mediancurve
from the distribution. Technique(5) usesAPPROXIMATE
AND COMPENSATE with anoptimalprototype.Theoptimal
in-distribution prototypeis computedoff-line with the fol-
lowing stochasticoptimization:exhaustivelysearchoverthe
spaceof curves,assessingtheperformanceof eachcurveby
simulating APPROXIMATE AND COMPENSATE with sam-
pling from thedistribution over idle timesandactualvalue-
of-precomputationfunctions.

Meta-deliberation � Expected
procedure value
(1) Optimalwith hindsight - 6.27
(2) LinearApproximation 0 4.08
(3) LinearApproximation 0.46 4.71
(4) SimplePrototype( ü Xªea~ f ) �YX�h 4.61
(5) OptimalPrototype( ü Xªea~ fRl ) �YX�h 4.71

Table2: Averageexpectedvalue-of-precomputationfor a distri-
butionof idle timesandanincompletemodelof meta-deliberation.

Table2 shows that, for this simpleexample,we achieve
asgooda performancewith a simpleapproximation(linear
in this case)andoff-line optimizationof � , aswith off-line
selectionof anoptimalprototype � è -ÐÊì���
	_� for � -ÿ/ . In
this tabletheresultsareaveragedover idle timesuniformly
distributedbetween4 and8. Figure4 showstheresultsover
eachidle time.



Comparingcurves (a) and (c) we seethat greedytime-
slicing� with � - / andasimplelinearapproximation(curve
(a)) is biphase– initially allocatingdeliberationto challenge
1, andthento challenge2. Thebenefitof ourmean-variance
approachis seenin curve(c), in whichoff-line optimization
of � enablesanot-so-greedyon-linemeta-deliberationstrat-
egy. In this strategy APPROXIMATE AND COMPENSATE al-
locatesmore deliberationto challenge2 from the start of
precomputation,reducingapproximate-risk,andimproving
performanceover � -Î/ .
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Figure4: Lossin expectedvalue-of-precomputationversusidle
time, � , with respectto thebestperformancewith hindsight,for:
(a) Linear off-line approximation,�ÑX�h ; (b) Simple prototype
( ü¦XÙeR~ f ), �|X7h ; (c) Linearoff-line approximationandcompen-
sation,�àX hì~ Z � andOptimalprototype( ü X7eR~ fal ), �YX�h .

An additionalpropertyof optimizing � for a simpleap-
proximation is that, while the searchspaceover optimal
prototypesgrows with the numberof challengeswith un-
certainperformancemodels,thecomputationof �À= remains
tractable. Furthermore,in this simple example,APPROX-
IMATE AND COMPENSATE outperformsthe best“reason-
able” guessat a prototype(themedianprototype),andper-
form aswell astheoptimalprototype.

APPROXIMATING NON-CONCAVE
FUNCTIONS
In the following experimentswe demonstratethe effective-
nessof APPROXIMATE AND COMPENSATE on hardmeta-
deliberationproblemsfor which greedytime-slicing is not
provablyoptimal.Consideragaintwo challenges,eachwith
run-to-completionalgorithms, but now with non-concave
cost-of-delayfunctions. Challenge1 occurswith probabil-
ity �#� - /3�
	�	 , andhasrun-to-completiontime �! #"�$%
 � -zÊ�	 .
Challenge2 occurswith probability � âj- /�� æ�	 , andhasrun-
to-completiontime �  #"�$%
 âÏ-�í�/ . The valueof an imme-
diate responseto eitherchallengeis �:������� �.- �:���î��� â<-í , and eachchallengehasa sigmoidalcost-of-delay, / 2&jô�õR� ��� � 
�
 �	� - ó���� B CFE G�� ������� 2 Ê . This costfunctionmodels
thecasein whichaninitial delayis nottoocostly, andoncea
responseis significantlydelayed,afurtherdelayis unimpor-
tant. The value-of-precomputationfunction for eachchal-
lengeis shown in Figure5. We assumethat the idle time is

uniformly distributed, � éÝë � ���}5 ��� 1 ��� � ��� � , with
mean ��� and uncertainty ��� . Note that, in contrastto
theoptimality resultsfor concave curves,meta-deliberation
with non-concavecurvesis sensitive to idle time.
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]_^a` bdc X y���NPO\Q�S,TVU�W@XÍe�i�� � n²orq"!�#�$ � , U�%'&
( ¨ ! XÍegl ,U�%'&
( ¨ Ø X�yRh . Linearapproximationsfittedat U t X h and U t Xªeae .
We considerfour alternative techniquesfor solving the

continualcomputationproblemstatedabove. Thefirst tech-
nique(1) is to performoff-line stochasticoptimizationusing
thefull distributionovervalue-of-precomputationfunctions,
assumingprior knowledgeof idle time. This techniqueis
usedto provide a upperboundon performance.The next
two techniquesusesimplelinearapproximations,

���� , to the
non-concavefunctionsandperformgreedytime-slicingwith
(2) � - / , and (3) � = optimally tunedoff-line to a given
modelof idle timeuncertainty. Thefourthtechnique(4) pro-
ceedsgreedilyon the true value-of-precomputationcurves,� � . Thesimplelinearapproximationsusedin techniques(2-
3) arefit to the truecurvesat � �¦-}/ and � �¦- ���*) í . Two
suchapproximationsfor � � - íìí areshown in Figure5.
Technique(3) usesexhaustivesearchandsamplingandsim-
ulation of APPROXIMATE AND COMPENSATE to selectan
optimalrisk-aversionparameter.

The resultsof theseexperimentsaresummarizedin Ta-
ble 3. These results depict each technique with idle
time uncertainty ��� - ï

and meandrawn from ��� �H ÊR/�1\Êaã31,í_íp1 ï /pJ .
Meta-deliberation Meanidle time, �,+
procedure 10 16 22 30
(1) Optimal 1.47 1.56 1.76 1.98
(2) Linear( �àX h ) 1.47 1.56 1.61 1.93
(3) Linear( �.- ) 1.47 1.55 1.75 1.97
( / ÜÐ� - ) (0.0) (0.0) (0.59) (0.78)
(4) Exact( �àX h ) 1.47 1.55 1.62 1.94

Table 3: Averageexpectedvalue-of-precomputationfor idle
times �ký þ�T0�,+kiêù��1�,+.±ÏùaW , for �,+32¦£�e+h��+e � ��yay���ùRh�´ .

Theperformanceof APPROXIMATE AND COMPENSATE



with off-line tuning of � = (technique(3)) is competitive
with thebestsolutionwith hindsight(technique(1)) for all
idle time distributions. The performanceof greedymeta-
deliberation on the true value-of-precomputationcurves
(technique(4)) is suboptimalfor ���ÿ� H í_íp1 ï /pJ . All theap-
proachesperformwell for small idle times, ���}� H ÊR/31RÊRã3J .
However, for large idle times, greedytime-slicing cannot
take advantageof prior knowledgethattheslopeof thetrue
value-of-precomputationfunctionschangesdirection.

In Figure6 we depicttheperformanceof APPROXIMATE
AND COMPENSATE if wechooseasinglecompensationfac-
tor (i.e. constantportfolio) off-line without knowledgeof
the meanidle time. Performanceof techniques(2-4) are
shown relative to the optimal technique(1). The choiceof� -�/�� 	�4 optimizesthe online performancefor idle times�ÎéÙë ��Ê54�1,í�	_� .
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Figure6: Comparisonof lossduetoon-linemeta-deliberationver-
susoptimaltechnique(1) for technique(2) (Approx(0)),technique
(3) (Approx(�,- Xª~ l56 )), andtechnique(4) (TS-exact).

Finally, we considertheeffectof uncertaintyin idle time,��� , on the performanceof APPROXIMATE AND COMPEN-
SATE . Figure7 shows the performancefor � � -�íìí , for
idle timeuncertainty� � �87 /�1\Ê ï:9 . Theperformancewith an
optimaloff-line risk-aversionparameter(technique(3)) de-
creasesasuncertaintyincreases,finally performingslightly
worsethantime-slicingon theexactcurves(technique(4)).
Themethodologyworkswell whenthedistributional infor-
mation about the likely idle time can be usedoff-line to
improve performance. This is not possiblefor large idle
time uncertaintyandnon-concave value-of-precomputation
curvesbecauseameta-deliberationallocationthatis optimal
for small idle timesmaynot alsobeoptimal for longeridle
times.In thiscasethereis only amarginaladvantagein hav-
ing accessto distributionalinformationon idle time.

EFFICIENT FRONTIER
Mean-varianceanalysis is a decision-analyticmethod in
modernportfolio theoryfor choosinganoptimalinvestment
portfolio (Markowitz 1959).Mean-varianceanalysisis per-
formedover the “efficient frontier”, a setof portfolios that
dominateall otherportfolios.Theexpectedutility of a port-
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Figure 7: Averageexpectedvalue-of-precomputationfor idle
times �Éý�þ�T§yay i;�,<p��yay³±3�,<�W versusidle time uncertainty,
� < . Comparisonof loss due to on-line meta-deliberationversus
optimaltechnique(1) for technique(2) (Approx(0)),technique(3)
(Approx(�.-9X7~ l=6 )), andtechnique(4) (TS-exact).

folio is assumedto increasewith expectedsingle-periodre-
turn, but decreasewith variancein period-to-periodreturn
(risk) – and a portfolio is efficient if it achievesa greater
expectedreturnthanany otherportfolio with thesamerisk.

In Figure 8 we demonstratethat APPROXIMATE AND
COMPENSATE given (weakly) concave increasingapprox-
imatevalue-of-precomputationfunctionsandany � ��7 /�1\Ê 9
generatessolutionsthat lie on the efficient frontier. Thus,
this methodmaybeusedto choosesolutionsotherthanthat
which maximizesexpectedvalue-of-precomputation. This
givesa risk interpretationof theconditionsunderwhich an
agentwould choose� �- / off-line.
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We are currently investigatingif APPROXIMATE AND
COMPENSATE always finds only solutionson the efficient
frontier andwhetheror not it canfind all pointson the ef-
ficient frontier. Thesepropertieswould enableoff-line opti-



mizationthat is moreefficient thansearchingthe complete
space� of allocations.

DISCUSSION
We developa meta-deliberationmethodthat retainstheon-
line efficiency of greedytime-slicing but admits applica-
tion to problemswith (1) non-concaveperformanceprofiles,
(2) variancein problem-solvingperformanceover the tar-
get rangeof computationalchallenges,and(3) uncertainty
in theparametersof currentandfuturechallenges.Our AP-
PROXIMATE AND COMPENSATE methodaddsflexibility to
existinggreedymethodsthroughapproximationandoff-line
tuning. We show that the methodis soundandexperimen-
tally demonstratehow to useoff-line tuning to provide the
benefitsof fully on-line methodswithout a significant in-
creasein on-linecosts.Importantfuturework is to provide
moreguidancein how to choosegoodapproximationfunc-
tionsoff-line.

Boddy andDean(1994) describehow the differencein
varianceof problem-solvingprocedureswith similar ex-
pected performancecan greatly affect meta-deliberation
decisions. They discussquantifying the cost of meta-
deliberationwith approximateprofiles.ZilbersteinandRus-
sell (1996) approximateprobabilistic profiles by varying
thegranularityof tabular representationsor throughclosed-
form normaldistributionapproximations.They pointoutthe
subsequenterrorsinherentin closed-formapproximations.

Continualcomputationwith two distinctstatesof knowl-
edgemay be generalizedto problemsin which changesto
this problem-solving“belief state”occurin incrementsover
time. We areadditionallyexploringextensionsof APPROX-
IMATE AND COMPENSATE to sequentialprobabilisticchal-
lenges.Whenevaluatingmeta-deliberationover sequences
of challengeswe mustconsiderbothcompetitionfor shared
resourcesacrosstime (Boddy& Dean1994)anddependen-
ciesbetweencurrentdeliberationsandfuturechallenges.

In our experimentalresultsAPPROXIMATE AND COM-
PENSATE is shown to performwell but, not aswell asoff-
line optimization with hindsight. We can show that this
baselinefor performancecannotbeattainedfor many prob-
lems. Intuitively, an optimal allocationassumingidle time� � Ê can not necessarilybe reachedby startingwith an
optimal allocationfor idle time � . Thus,without prior in-
formationaboutidle time, we cannotproducean idle time
allocationthatis optimalfor both � and � � Ê . Putanother
way, idle time allocationto eachchallengemustbe mono-
tonically non-decreasing.We canposeoptimizationprob-
lemsthattake theseadditionalconstraintsinto account.For
example,we might considerthe classof constant-portfolio
strategies that allocatethe sameproportionof idle time to
eachchallengefor all idle times.
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