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ABSTRACT

The friendship paradox is a sociological phenomenon first
discovered by Feld [13] which states that individuals are
likely to have fewer friends than their friends do, on average.
This phenomenon has become common knowledge, has sev-
eral interesting applications, and has also been observed in
various data sets. In his seminal paper Feld provides an intu-
itive explanation by showing that in any graph the average
degree of edges in the graph is an upper bound on the aver-
age degree of nodes. Despite the appeal of this argument, it
does not prove the existence of the friendship paradox. In
fact, it is easy to construct networks — even with power law
degree distributions — where the ratio between the average
degree of neighbors and the average degree of nodes is high,
but all nodes have the exact same degree as their neighbors.
Which models, then, explain the friendship paradox?

In this paper we give a strong characterization that pro-
vides a formal understanding of the friendship paradox. We
show that for any power law graph with exponential pa-
rameter in (1, 3), when every edge is rewired with constant
probability, the friendship paradox holds, i.e. there is an
asymptotic gap between the average degree of the sample
of polylogarithmic size and the average degree of a random
set of its neighbors of equal size. To examine this charac-
terization on real data, we performed several experiments
on social network data sets that complement our theoretical
analysis. We also discuss the applications of our result to
influence maximization.

1. INTRODUCTION

In popular culture, the friendship paradox is known as
the somewhat discouraging statement that our friends have
more friends than we do. This statement is an interpretation
of a result discovered by Feld [13] which states that individ-
uals are likely to have fewer friends than the mean number
of friends their friends have. Superficially, since the number
of friends a person has often translates to social status, the
friendship paradox receives considerable attention. Beyond

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.

Copyright 20XX ACM X-XXXXX-XX-X/XX/XX ...$15.00.

Yaron Singer
Harvard University
Cambridge, MA 02138
yaron@seas.harvard.edu

this interpretation, the idea that the degree of a random
neighbor may be substantially larger than that of a random
node has interesting applications for immunization [8, 23]
and influence maximization [36], and it has also been veri-
fied experimentally in large online social networks [17, 38].

Despite everything we know about it, from a mathemati-
cal perspective the friendship paradox is, at large, a mystery.
In his seminal paper, Feld provides an intuitive explanation
for the friendship paradox by showing that in any graph the
average degree of edges in the graph is an upper bound on
the average degree of nodes. This however, is far from prov-
ing the friendship paradox — that a node is likely to have
a smaller degree than the average degree of her friends. In
fact, as we will later show, it is easy to construct networks
— even with power law degree distributions — where the ra-
tio between the average degree of neighbors and the average
degree of nodes is high, but all nodes have the ezact same
degree as their neighbors. In other words, not all graphs
exhibit the friendship paradox, degree distribution does not
explain it, and other structural properties need to be con-
sidered. Given the evidence in social network data sets, the
question is why the friendship paradox exists.

Which models explain the friendship paradox?

The inception of network science is largely due to semi-
nal mathematical models that explain phenomenon such as
small-worlds [21, 40] and power-law degree distributions [4].
In these models we have a mathematical definition for the
phenomenon exhibited: short distances in the network are
defined as polylogarithmic in its size, heavy tail degree distri-
bution as a power-law. But how should we mathematically
define existence of the friendship paradox in a network? A
possible definition of the friendship paradox is the existence
of an asymptotic gap between a random node and its ran-
dom neighbor. In a regular network, where all nodes have
the same degree, there is no difference between the degree of
any node and that of its neighbors, so the friendship paradox
does not holds. In a star network on the other hand, where
a randomly selected node is likely to be an endpoint with
its only neighbor being the center, the ratio between a node
and its neighbor is linear in the size of the network, and
the friendship paradox holds. So what lies between these
extremes that can serve as good model for social networks?

1.1 The structure of social networks

Perhaps the most common assumption about the struc-
ture of social networks and complex systems in general, is
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Figure 1: An illustration of two power law networks. The
network (B) is a set of disjoint cliques generated using the
network (A). Despite being power law, every node in (B)
has exactly the same degree as its neighbor.

that their degree distribution is heavy tailed. In this paper
we focus on the most commonly cited heavy tail distribu-
tion, the power law distribution: the likelihood of observing
a node with degree 7 in the network is proportional to i?,
where §3 is a constant that depends on the network. !

In Figure 1 we illustrate an example showing that the
power law property does not suffice to show that a node is
likely to have less their friends than her friend. Essentially,
one can take any power law network (illustrated as network
A) and turn it into a power law network where each node of
degree d in the original network is represented as an isolated
clique of size d+ 1. A series of such graphs has a power law
degree distribution. In Section 3 we show such a construc-
tion which formally holds for networks with finite degree
distributions. These examples are obviously contrived, but
prove an important point: power law degree distributions
alone do contain enough information about the network to
study the likelihood of a node to have a high degree neighbor.
If we wish to prove properties on social networks we will need
to consider some form of a model. An important property
to consider is the presence of long-range edges. Long-range
links were first observed by Granovetter [16] and are often
modeled as random edges [21, 40].

A general model for social networks. Following the
above discussion and inspired by the work of Watts and
Strogatz [40], we analyze the following family of graphs: we
start from any (potentially adversarial) power law network
and then we “re-wire” each edge in the network with some
fixed probability. The implication is that one can take any
model of a social network as long as its degree distribution
follows a power law, allow every edge to have some fixed
probability to be connected at random, and our results will
hold. So even the most contrived examples of power law net-
works can be slightly perturbed and succumb to our analysis.

Additional models. It is important to emphasize that the
results we show here also hold for other well-studied models
of social networks. In particular, our results also hold for the
configuration model [5] with power law degree distributions
for finite graphs [1](this is a special case of our model when
the likelihood of an edge being rewired is 1) and preferential
attachment model [4], both widely used in social network
analysis (see e.g. [1, 35, 33]), as well as a similar model for
generating connected graphs [39]. We omit the proofs for
these models here due to lack of space, though the tech-
niques shown here generalize to these models as well.

!There is an interesting debate on degree distributions of
social network graphs [31]. Different papers support differ-
ent heavy-tail distributions: power law, log normal, double
Pareto, etc. For simplicity we focus on power law distribu-
tions.

1.2  Our results

Informally, our main result is that small samples suffice to
observe the friendship paradox in social networks. More for-
mally, we show that for any power law graph with parameter
B € (1,3), when every edge is rewired with constant proba-
bility, there is an asymptotic gap between the average degree
of the sample of polylogarithmic size and the average degree
of a random set of its neighbors of equal size.

To show the importance of random edges, we first show a
construction of a finite power law network where the friend-
ship paradox does not hold — every node has almost the same
degree as its neighbor. We then analyze the case where only
a single node is sampled from the network. We show that
the question of whether an asymptotic gap exists between a
set of randomly drawn nodes and their neighbors depends
on the parameters of the graph. Our results show a thresh-
old phenomenon: for graphs whose degree distribution is a
power law with 8 € (1,2] an asymptotic gap exists, while
for 8 € (2,3) it does not. Using this analysis we develop our
main result for polylogarithmic samples.

To examine how these results relate to real data, we per-
formed several experiments on social network data sets. Sim-
ilar to our analytical results, we observed large gaps between
random node samples and their neighbors. We examined
other effects as well, as we further describe in Section 6.

1.3 Algorithmic implications

Before we continue, it would be useful to briefly review
the algorithmic implications of the friendship paradox in the
context of influence maximization, which led to our original
interest in this phenomenon. The influence maximization
problem [11, 20] is the algorithmic challenge of selecting in-
dividuals who can serve as early adopters of a new product
or technology in a manner that will trigger a large cascade
in the social network. The massive adoption of online social
networking technologies in recent years has drawn substan-
tial interest to the study of information diffusion in social
networks and influence maximization in particular [3, 6, 7,
15, 24, 27, 29, 32]. Despite the substantial progress on the
problem throughout the past decade, naive application of
state-of-the-art algorithms is often ineffective. In many ap-
plications, one only has access to a small sample of the net-
work in which individuals have low influence potential, and
algorithms that select their users from such samples have a
limited effect. In marketing applications for example, mer-
chants often reward influential users who visit their online
store, or who have engaged in other ways (subscribe to a
mailing list, follow the brand, install an application etc.).
Thinking of users who arrive at a store or follow a brand as
being randomly sampled from the network, it follows that
observing high-degree users is a rare event simply because
the degree distributions of social networks are heavy-tailed.
Influence maximization techniques are based on selecting
high degree users (not necessarily the highest degree), and
their application on such samples is therefore ineffective.

Two-stage approaches. As an alternative to spending the
entire budget on nodes in the sample, recent work advocates
for a two-stage approach called Adaptive Seeding [36]: In
the first stage, a fraction of the budget is spent on nodes in
the sample for the purpose of attracting their neighbors to



Figure 2: An illustration of the friendship paradox in different networks. The two networks above are of the same size in
terms of nodes and edges but with different topologies. The graph on the left has edges connected between nodes uniformly
at random, and the graph on the right is a random graph with degree distribution close to a power law, i.e. the probability of
observing a node of degree i is proportional to i ~# for some constant 3. In the first network the friendship paradox does not
hold while in the second one it does. In each network we performed the following experiment: we selected five random nodes
to represent the sample S, which are depicted in yellow, their neighbors N'(S) are depicted in orange and their neighbors
which is the potential influence of N'(S) are depicted in red. The rest of the nodes are represented in pink.

join the set of potential influencers (e.g. attract neighbors
to visit the website, follow the brand, register their email,
etc.). In the second stage, after some neighbors have joined,
the remainder of the budget is used to select an influential
set of individuals from the (hopefully larger) set of accessible
nodes. The rationale is that while samples of a graph will
likely have low degree nodes, they may have high degree
netghbors. Intuitively, since high degree nodes have many
neighbors (by definition), one would hope such nodes will
be connected to the sample. In simple terms, we are guided
by the following question:

Are random nodes likely to have high degree neighbors in a
social network?

One central contribution in this paper is to explore this
question at depth and provide analytical and empirical evi-
dence to show that this is the case. Showing that the friend-
ship paradox exists in social networks implies that adap-
tive seeding algorithms can indeed enable dramatic improve-
ments for information dissemination. We illustrate how the
friendship paradox translates to potential influence of two-
stage approaches in Figure 2.

1.4 Related Work

Our results are directly related to Feld’s work [13, 14].
Feld gives an explicit characterization of the average degree
of a neighbor in terms of the expected degree and variance of
the degree distribution in the network and observes that the
average degree of neighbors will be strictly greater than the
average degree of nodes when the variance is greater than 0.
In addition, Feld provides experimental evidence strength-
ening his thesis. Based on these intuitions, several heuristics
for detecting contagions and designing immunization strate-
gies have been suggested [8, 9]. In particular, the knowledge
gap we found on this topic can be summarized as follows:

e Size matters. To identify asymptotic ratios, we must
quantify how many more neighbors a neighbor has.

e Averages do not imply likelihood. Perhaps the
most critical distinction is that Feld’s result is a state-
ment about averages, and does not imply that a

node is likely to have a lower degree than her
neighbor. For the purpose of designing algorithms for
example, Feld’s result is inapplicable.

e The friendship paradox is not an amplification
of Feld’s statement. It is important to emphasize
that the friendship paradox is not a constant probabil-
ity version of Feld’s result. The constant probability
version of Feld’s result is the ratio between the degree
of a randomly selected node v and the degree of a ran-
dom neighbor y in the graph. That is, y is not a neigh-
bor of z. To see that these are two different random
variables consider the star of N nodes: the expected
degree of friends of a random node is N — 1/N, while
a constant probability version of Feld gives N/2.

Recently, large scale experiments showed that individuals
are indeed likely to have less friends than the average number
of friends their friends have in the Facebook [38] and Twitter
networks [17]. Our work is somewhat complementary to
these works; we explain a formal model and provide rigorous
analysis of the phenomena observed in their experiments.

From a technical perspective, a related research direction
recently explored is social sampling. In this context the goal
is usually to sample a subgraph and maintain properties of
the original graph [25], compute some statistics in sublinear
time [10, 18, 19], or find a subset of the nodes with a certain
property [2]. Despite some similarities, our work is different
as we focus on finding high degree nodes in a network us-
ing an existing sample and we only consider the the node’s
immediate neighbors.

2. PRELIMINARIES

Power law graphs. We use the same definition of a power
law network that is used in [1]. A graph has a power law
distribution if the number of nodes of degree 7 is Lj—ZJ Since
the sum of the degrees in a network has to be even, the num-
ber of nodes of degree 1 should either be [e®] or [e® + 1]
depending on the parity of the sum of the higher degree
nodes in the graph. For simplicity, throughout the rest of
the paper we assume that the the number of nodes of degree
1 is e”, and note that all the results naturally extend to the



general definition. For brevity we set C' = e“ and use N and
M to denote the number of nodes and edges in the graph, re-
spectively. We denote the average degree of a set B as d(B).

Social network model. We will analyze the following
random graph model, which is inspired by the small-world
model of Watts and Strogatz [40]. We start from an arbi-
trary (potentially adversarial) graph with a power law dis-
tribution and then “rewire” each edge in the graph with con-
stant probability p > 0. Rewiring is done by first selecting
all the edges that have to be rewired and then by applying
the technique used in the configuration model [5]: every edge
selected to be rewired is split into two stubs attached to the
nodes corresponding with the endpoints of that edge, and
the set of all stubs are then connected uniformly at random.
The importance of this model is that it shows that even when
starting from an adversarial structure (potentially with a
strong community structure or even a disconnected
network) a small fraction of randomness suffices to observe
an asymptotic gap between the degree of a sampled set of
nodes and their neighbors. In case of self-loops, we count a
node as a neighbor of itself (in most of the setting the num-
ber of self loops is extremely small).

3. MISBEHAVED POWER LAWS

In this section we show that there exists a family of power
law graphs such that the ratio between the degree of a node
and the degree of its neighbor is constant for every node in
the graph.?

ProPOSITION 3.1. There exist a family of power law graphs
with B = 2 such the ratio between the degree of any node and
the degree of any of its neighbor is at most a constant.

Proor. First we order the nodes in an increasing degree
order. We begin by generating the stubs, initializing each
node with unassigned stubs. For all nodes of degree smaller

than %, starting from the first node we sequentially match

each unassigned stub of a node v with an unassigned stub
of the minimum ranked node with an available unassigned
stub which is not already connected to v.

An interesting property of this ordering is that for every
node v of degree smaller than VN it s always possible to

400
connect it with the subsequent d(v) nodes. This is true

because we consider nodes in an increasing degree order.
Note that in this way every node of degree smaller TVOJX is

connected with nodes that have a degree that is at least half
of its degree, and at most double its degree. In fact, every

node v connects with at most d(v) subsequent nodes and
d(;) preceding nodes.
Now we have to assign the edges between all the nodes of

degree larger than VN

Joo - But this can be done by assigning
edges arbitrarily (for example using the configuration model
on the remaining stubs) since the maximum degree node has
degree v/N and so the ratio between the degree of any two

nodes with degree larger than g is at most constant. [

2We note that for simplicity we prove a result for g = 2,
although similar counter-examples can be constructed for
other values of 5. We also note that it is easy to modify our
construction to obtain a connected graph.

4. SINGLE SAMPLES

As a preliminary to the main results in Section 5, we in-
vestigate the case in which the sample is of a constant size.
As we will now show, when we consider small samples the
question of whether neighbors yield better results largely de-
pends on the parameters of the graph. While an interesting
result in of itself, the lemmas for establishing this will also
be instrumental for proving the main result in Section 5.

Throughout the rest of this paper we use G(8,p) to de-
note the family of graphs with power law degree distribu-
tions with exponent 8 in which every edge has some small,
constant probability p > 0 to be rewired at random.

LEMMA 4.1. Let u be a node sampled from G(B,p) with
B € (1,2) and let v be a neighbor of u drawn u.a.r.. Then,
for any constant € > 0, with constant probability the ratio

L—}7
between the degree of u and v is ) (NTI_E).

ProOOF. We first compute the average degree of a node in
G(B,p). Using the fact that the generalized harmonic sum
converges to a constant when 8 > 1, ie. Y72, & € O(1),
we can conclude that the number of nodes in a power law
graph with 8 € (1, 3) is:

[c¥?]

> L%J €0(0)

A
i= i=1

513

where A is used to denote the largest degree in the graph.
The number of edges is:

[c8] [c'/8

=5 i) o[ % [:& ]| co (o)

i=1 i=1

where we use the fact that that the generalized harmonic
sum for 0 < a < lisequalto 3/, i~ * € © (') . The av-

erage degree of a node in G(f3, p) is therefore in © (C’%71

So, by Markov’s inequality, we know that when we select a
random node with probability % its degree is at most twice
its expected degree. Thus, with probability % we sample a

node of degree O (C%fl)

To lower bound the degree of a random neighbor, we show
that with constant probability an edge is incident to a high
degree node. To show this we calculate the number of end-
points of edges incident to nodes of degree at least K, de-
noted Agsk:

[¢¥/7]

S i|g)=e (oot -x)

i=[K

since that for a < 1, >0, -5 =O0(n'~* —k'~%).
Therefore the number of endpoints of edges incident to
nodes with degree greater or equal to K = C/#~¢ is O(M).
If we restrict our attention to endpoints of rewired edges in-
cident to nodes with degree greater or equal to K = C/#~¢,
denoted by R4k, then by linearity of expectation we have
that E[Ra>k| = pAa>k € O(M). Unfortunately the proba-
bility that the endpoints are rewired is not independent. In
fact, two endpoints incident to the same edge are either both

Ad>K =



rewired or both not. So to obtain a concentration result we
cannot apply the Chernoff bound. Fortunately in this case
we can use the method of bounded difference [30] which tells
us that the fact that an edge is rewired changes the value of
R4~k by an additive factor of 2 at most, and we have that
Ri>x €6 (M )

So with constant probability a random neighbor of a ran-
dom node would be connected to the node by a rewired edges
and this edge with constant probability will point to a node
in Ry>rx € O(M).

Thus, for f € (1,2) with constant probability the ratio
between a node a random neighbor is at least:

-1
K (M) o) (cﬁEl“) -0 (Nﬁt?l_‘) . O
N
The case when [ = 2: we can apply the same technique

as above for = 2 . In this case as in the above proof the
number of nodes is N € ©(C) and the number of edges is:

e oo
M= ; ZL%JZO ; H €0 (ClogC)

where this time we use the fact that that the harmonic
sum is equal to >.'_,i"" € O(logt). When 3 = 2 the
number of endpoints of edges incident to nodes of degree at
least K is:

[c'/?] o
A=Y ZL—BJ =0 (C (logC —log K))

i=[K]

where we use the fact that >.7", 1 = ©(logn—logk). Using
the same technique one can show that with constant proba-
bility the ratio between the degree of u and v is Q (log® N),
for any constant a > 0.

COROLLARY 4.2. Let u be a randomly selected node from
G(B,p) with1 < 8 <2, and let v a randomly selected neigh-
bor of w. Then with constant probability we have:

d(v)
d(u)

4.1 Phase transition for 5 > 2

Somewhat surprisingly, we now show that when 8 > 2 the
friendship paradox does not hold for a single node — and not
even for a sample of a constant size, and even when all edges
are rewired at random. In other words, when 5 > 2 a con-
stant number of nodes do not suffice to observe asymptotic
gaps between degrees of the sample and their neighbors, even
in a random graph model.

€ w(l).

LEMMA 4.3. Let u be a node sampled from G(B,1) with
B € (2,3), and let v be a random neighbor of uw. Then, w.h.p.
the ratio between the degree of u and that of v is O(1).

Proor. First, note that in this case we also have that the
number of nodes is N € ©(C). The number of edges when
2<pB<3is:

i L

M = Z z’b%J:O > LBC;J =0(C)

i=1

because in this setting 8 —1 > 1. Thus the number of nodes
of degree greater or equal to K in the graph is O (£). So
for any function f(N) € w(1), the probability of randomly
picking a node of degree at least f(NV) is o(1). Thus when we
sample a node u.a.r, w.h.p. it will have a constant degree.
We will now show that when sampling a single node,
w.h.p. also a randomly selected neighbor has degree smaller
than f(N), for any function f(NN) strictly increasing with N
and such that f(N) € w(1) implying that w.h.p. the degree
of a random neighbor is also constant. For 2 < § < 3, the
number of endpoints of nodes with degree larger than K is:

Fid

tox= 3 i3] =eleter-et)

i=[K]

Here for a > 1, 37 L = ©(k'™* —n'"®). The end-
points of edges incident to nodes of degree at least [f(NV)]
is therefore Agsrf(n)) € o(&N). The number of edges of de-
gree greater than f(IN) is therefore sublinear in the number
of the nodes and so all but an o(1)-fraction of the nodes will

have no incident edge of degree at least f(N). [

5. POLY-LOGARITHMIC SAMPLES

In this section we show our main result, namely that for
any B € (1,3) polylogarithmic-sized samples suffice to see
asymptotic ratios between the degree of a sample and its
set of friends. Intuitively, this implies that as long as we
have access to a relatively small size of the social network
it is possible to reach nodes of relatively high-degree. The
results here hold for any set of poly-logarithmic size, but we
discuss sizes of log N for simplicity.

LEMMA 5.1. Let S be a set of ©(log N) nodes sampled
uniformly at random from G(B,p), for B € (2,3). Then,
w.h.p. the average degree in S is O(1).

PrOOF. From lemma 4.3, we know that the expected de-
gree of a sampled node is O(1). Thus, by linearity of expec-
tation, the expected total degree of the sample is O(log N).
By applying Markov’s inequality we get that the probability
that the total degree is in w(log N) is o(1). [J

PROPOSITION 5.2. Let S be a set of ©(log N) nodes sam-
pled uniformly at random from G(B,p) for B € (2,3), and
let T's be a set obtained by selecting a single neighbor u.a.r.
from every node in S. Then, w.h.p.

d(Ts)
a(S)

PROOF. The main idea behind is to show that w.h.p. Ts
contains w(1) nodes of degree O(log N) when we have a sam-
ple of size log N. We will first lower-bound the probability
of sampling one of these nodes and then show the result
holds w.h.p. when we sample log N elements. From the
proof of Lemma 4.3 we know that the number of endpoints
of edges incident to nodes with degree at least [clog N1,
Adg>clogn € O ([CITJCV’]H)' Recall that Rgsciog v is the
number of rewired edges incident to nodes of degree bigger
than log N. Also in this case by linearity of expectation we
have E[Rgsclog N] = PAd>ciog n. Applying the method of
bounded difference with lipschitz condition 2 we have that
Ri>c10g N is strongly concentrated around its mean. Thus,

cw(l)



the probability that a random edge of a node in S points to
a neighbor with degree at least clog NV is at least:

c
Ra>clogny — 1 _ = (fclogNW"") _ 1
M elte) [clog N|8—2

Now, let Y; be the random variable which equals 1 if the
randomly selected neighbor of the node 7 in S has degree at
least clog N and 0 otherwise. We have that:

ZYL:| = IQgN . ]ED/’L] = logN (E‘d>c7]\/}ogl\f)
€S

E

G (logNSfﬁ) .

Unfortunately the random variables Y; are neither inde-
pendent nor nicely correlated so we cannot use a Chernoff
bound to get a high probability result directly. To over-
come this difficulty, we show that the probability the sum
of the Y;s is bigger than a value D dominates the proba-
bility that the sum of a random variable X; that counts
the number of heads of a coin that gives heads with prob-
ability EazeropN) T8N o1 g tails otherwise is bigger than
a value D. Note that we are sampling only log N edges,
thus for every ¢ the number of edges of degree bigger than
clog N that we still have not used is bigger or equal than
Eg>cilog v — log N for all ¢. Thus the probability that Y; is
equal 1 is higher than the probability of the same event
for X; for all i, hence the sum of the random variables
Y; dominates the sum of the random variables X;. But
E[Zies Xi|=06 (log NS*B). Furthermore the X; are inde-
pendent so by Chernoff we get that Y7, .o Xi € Q (log NS_B)
with probability 1—o(1). Thus using stochastic domination,
we have that w.h.p. at least Q (log N37B) sampled neigh-
bors have degree bigger than clog N.

Now in order to conclude the proof we have to show that
those 2 (log N3P ) selected neighbors of high degree are dif-
ferent nodes. To this end we will show that any node in the
graph is selected at most a constant number of times with
high probability, which will imply the result.

The node of maximum degree is the most likely to be se-

lected and it has degree C P o= (C] (C %) so the probability

of sampling it in one sample is @(C’*H%) S O(C_%). Thus
the probability of sampling the highest degree node three
times in log N samples is smaller than (10%]\])@(0_%) =
o(C™"). Thus, using the union bound, no node is sampled
more than twice with high probability. So the set of neigh-
bors with high probability contains {2 (log N37'B) distinct
nodes that have degree bigger or equal to clog N, thus the
average degree is w.h.p. at least €2 (log N37ﬁ). (|

The case when 8 € (1,2]: The proof requires a different
approach when 1 < g < 2. Roughly, the core idea is to
amplify the results of the single sample case to show that
w.h.p. we get at least one high degree node.

PROPOSITION 5.3. Let S be a set of log N nodes sampled
uniformly at random from G(B) where 1 < 8 < 2, and let
N(S) be a set obtained by selecting a single neighbor u.a.r.
from every node in S. Then, w.h.p. the ratio between the
sum of degrees of S and that of N(S) is w(1).

Network # of Nodes  # of Edges B C
Orkut 3,072,441 117,185,083  0.7470 223,989
LiveJournal 3,997,962 34,681,189 1.0322 520,041
Wikipedia 2,394,385 5,021,410 1.9548 80,033
YouTube 1,134,890 2,987,624  1.4212 160,927
DBLP 317,080 1,049,866 1.2048 64,983
SlashDot 82,168 948,464 1.2146 13,805
Enron 36,692 367,662 1.1636 11,322

Table 1: Networks’ statistics.

In order to prove the proposition we first bound the aver-
age degree of the set of sample nodes:

LEMMA 5.4. Let S be a set of O(log N) nodes sampled

uniformly at random from G(B), for 1 < B < 2. Then,

2
w.h.p. the average degree in S is © (C’F71

The proof uses the same Markov inequality argument as
in Lemma 5.1 and is omitted. To conclude the main proof
we show that with high probability we pick at least one very
high degree node.

LEMMA 5.5. Let S be a set of O(log N) nodes sampled
uniformly at random from G(B,p) for B € (1,2), and let Ts
be a set obtained by selecting a single neighbor u.a.r. from

B—1
every node in S. Then, w.h.p. d(Ts) € O (NT%), for
any constant € > 0.

PROOF. The results follow directly from the previous lemma
and by the fact that we can amplify the probability of get-
ting a high degree node using ©(log N) samples. []

Using similar technique we can prove for § = 2 that the
ratio is in Q (log®(N)), for any constant « > 0.

THEOREM 5.6. Forany 8 € (1,3), let S be a set of ©(log N)
nodes sampled uniformly at random from G(5,p), and let T's
be a set obtained by selecting a single neighbor u.a.r. from

every node in S. Then, w.h.p. there is ratio between d(Ts)
and d(S) is in € w(1).

6. EXPERIMENTS

We conducted several experiments to evaluate and further
study the friendship paradox in different online communi-
ties and social networks. Since analytical results only hold
on stylized models, our primary motivation was to witness
the existence of the phenomenon in the data. We used 8
different publicly available data sets: the Orkut social net-
work [41], the Live Journal blogging community [41], the
Wikipedia author network [26], the YouTube social net-
work [41], the DBLP author network [41], the Slashdot user
community network [28], and the Enron email communica-
tion network [22]. These networks vary in size and degree
distribution and provide insight on the effect network pa-
rameters have on the friendship paradox.

We began by characterizing the networks according to
their degree distribution. We fitted each network to a power
law graph with different parameters of 8 and C' = e, using
methods that optimize over final sum of squares of residuals.
We summarize the main statistics in Table 1. Note that for
almost all the networks 8 € (1,3). We first considered the
effects of the sample size and network topology.



The effects of sample size. To experimentally observe the
way in which the sample size affects the friendship paradox,
we compared the degree distributions of sampled sets and
those of their neighbors as a function of the sample size. For
each network, for every j € {10, 20, 30, ...,500} we sampled
j nodes u.a.r. and computed the degree distribution of the
sampled nodes and the average degree distribution of all
their neighbors. Note that the average degree distribution
of all their neighbors is the average of selecting a neighbor at
random from each node in the sample. Each such iteration
is a snapshot of the friendship paradox for a set of size j.
For each sample size j, we repeated this experiment 5 times.
We then computed the ratio between the average degree of
neighbors and the average degree in the sample. We plot
the results in Figure 3.

As the figure shows, the friendship paradox varies across
the different networks. The lowest gap we observed experi-
mentally was in the DBLP network where the ratio averaged
over all sample size iterations was 2.5 and the largest was
150 in the YouTube network. In all networks we see a large
gap in the first iteration when the sample size is 10 and the
neighbors’ average degree distribution is large.

In all networks there is a trend of decrease in the friendship
paradox as the sample size increases. This trend can be
intuitively explained using the analysis from the previous
sections: Since we showed that the friendship paradox is
large at already the small sample size of log IV, this implies
that when the sample S is of size log N, the high degree
nodes of the graph are in the neighborhood S. As the sample
size increases we are more likely to sample high degree nodes
in S while the degree distribution of S will becomes smaller
as the high degree nodes are exhausted early.

Recall that in Section 4 we showed that with parameter
B € (1,2] the friendship paradox occurs even when the sam-
ple sizes are small. Interestingly, this phenomenon can also
be observed on the data sets we examined, all of which were
found to have parameters in this range, with the exception
of the Orkut network for which g < 1.

One hypothesis is that the friendship paradox occurs due
to the fact that in social networks neighbors indeed are
more likely to have a high degree. An alternative hypoth-
esis however could be that when considering neighbors, the
size of the sample is larger. That is, a set of S nodes
sampled at random generates a neighborhood of size n =
| Uu is neighbor of s {u}| and it may be that a set of size n
sampled uniformly at random from the graph could have
a similar effect. To test this hypothesis, we conducted the
following experiment. For each j = 1,...,100 we sampled
j nodes u.a.r. from the network which gave us a set of
neighbors N;. We then sampled |N;| nodes u.a.r. from the
network, and compared the ratios between their average de-
gree distribution. We depict the results in Figure 4 which
supports our hypothesis.

To further investigate the effect of the sample size on the
friendship paradox, we computed the degree distribution of
all the nodes in the networks and for each node we averaged
its’ neighbors’ degree distribution. In Figure 6 we plot the
CDF of these distributions for the DBLP, Epinions, Slash-
dot, and the Enron networks. In the figure, the nodes’ degree
distribution is depicted in red and the average neighbors’
degree distribution in blue. The expansion is the right shift
between the distributions. The CDF shows that the major-
ity of nodes’ degree distribution is well below the average
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Figure 6: The CDFs of the degrees of nodes and the average
degree of the neighbors in the network.

of their neighbors; however for nodes in top percentiles, this
is no longer true. As the sample size increases these nodes
are more likely to appear in the sample and diminish the
expansion effect.

The effects of network topology. It is easy to see ana-
lytically that the friendship paradox cannot occur in regular
graphs, where every node has the same degree. To view this
experimentally, for each network G = (V, E) in our data
sets we also generated a random graph by running a pro-
cess which assigns |E| edges uniformly at random between
|V| nodes. We used the same process as above to observe
the gap under different sample sizes. As expected, for these
graphs, regardless of sample size, the average degree of the
sample and that of their neighbors were nearly identical.

High degree nodes in neighbors vs. sample. To
strengthen our results, we compared the average degree of
the top 1% and 10% of neighbors and degrees from the sam-
ple. We plot the results in Figure 5 which show a clear
dominance of selecting from the set of neighbors.

Beyond the first circle. It seems natural to ask whether
the results extend beyond the immediate circle of friends.
The first question is whether nodes which are two hops away
from a randomly sampled node have a higher degree on av-
erage as well. The second question is whether the average
degree grows as we further explore the graph. For a given
set S, we use NV;(S) to denote the neighbors who are exactly
i hops away from S in the graph. To observe the change in
the degree distribution as a function of distance from a node,
we conducted the following experiment. For each network,
we sampled 5 nodes u.a.r., and conducted a BF'S crawl of 4
levels from all nodes in the set. In each level we measured
the degree distribution of all nodes in the level, and com-
puted its average. In Figure 7 we plot the average degree as
a function of the level, as well as the percentage of increase
in average degree between levels.

The figure above gives experimental evidence that sug-
gests that the friendship paradox would be most dramatic
between the sampled set and its immediate neighborhood.
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Figure 7: The degree distribution of a sampled set and its
neighborhoods. Enron, Slashdot, Epinions, and DBLP cor-
respond to the blue,red, green,black lines, respectively.

In the Slashdot and Epinions networks depicted in red and
black, respectively, the degree distribution is maximized in
Ni(S), and in the Enron and DBLP networks the maximum
is achieved in N2(S). In all networks the largest increase in
percentage is between S and N7 (.S). This phenomenon also
seems to be a derivative of the fact that in power law graphs
high degree nodes are likely to be found in the immediate
neighborhoods of many nodes.

Applications. Besides being a fundamental sociological
phenomena the friendship paradox has also practical appli-
cations. For example, it has already been used successfully
to design immunization strategy [8, 9]. In this section we
study an application of the friendship paradox to influence
maximization. In particular we consider the case where we
do not have knowledge about the network. From our ex-
perimental results in the previous setting it is clear that
using random neighbors would be the best choice in the
well-studied woter model [11, 12, 34, 37]. To strengthen
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The ratio between average degrees of a sampled set and its neighbors.

our results we consider the classic independent cascade and
linear threshold [20] and we study experimentally the effect
of seeding a cascade in a random set or in random set of
neighbors. Figure 8 shows that also in this more challenging
setting using a set of random neighbors clearly outperforms
a set of random nodes.

7. CONCLUSIONS

The friendship paradox is a fundamental phenomena in
social networks. In this paper we strengthen the understand-
ing of this phenomena by formalizing this concept and char-
acterizing a large family of graphs where this phenomenon
exists. One of the implications of our analysis is that for a
large class of networks, the effectiveness of influence maxi-
mization strategies can be dramatically improved by using
two-step approaches. Our theoretical results are supported
by experiments that show this phenomena exists in social
network data sets, and applies to influence maximization.
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