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Chapter 1. Introduction

1.1 Mechanism Design

Mechanism design is a subfield of microeconomic theory and game theory that
focuses on solving distributed system-wide optimization problems among a collection of
independent, self-interested agents who have private preference information [ Parkes,
2001]. Each agent that interacts with a mechanism is assumed to have a strategy which
dictates how the agent will act in every feasible state of the world. From a high level per-
spective, amechanism defines the strategies that are avail able to each agent and provides a
mapping from agent strategies to an outcome. Thus a mechanism can be thought of as an
object that contains two items, a set of feasible agent strategies and a function that imple-
ments an outcome rule based on the actual strategies chosen by the agents. An instance of
amechanism is simply the mechanism running with a specific set of agent strategies cho-
sen from the set of feasible strategies.

Although typically the mechanism designer himself does not have control over the
specific strategies that agents choose, he aims to create rules that alow the mechanism to
achieve particular economic goals, such as allocative efficiency, without knowing a priori
the specific strategies that agents will choose, only the set of feasible strategies. In adis-
tributed system setting, the mechanism designer usually attempts to massage the distrib-
uted problem he is examining into one in which agents will be best off, given their
strategies, by acting in away that implements system-wide goals, such as efficiency.

Designing mechanisms to attack tough distributed problems, such as the allocation of
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computing resources across a distributed network, routing responsibility in a sensor net-
work [Greenberg and Naim, 2004], or the creation of awork plan among alarge collection
of independent agents, is becoming increasingly commonplace. In fact, Ng et al. argues
that system designers must explicitly address the self-interest of individual partiesin the
new era of distributed networks if these systems are to succeed [Ng et a., 2000].

While traditional mechanism design has focused almost exclusively on the game-
theoretic properties of mechanisms, computational mechanism design examines not only
economics issues but also issues of computational tractability. Although the traditional
mechanism designer, ignoring computational considerations, attempts to provide eco-
nomic guarantees about a mechanism, the computational mechanism designer strives also
for computational guarantees, and he thus is concerned not only with economic consider-
ations but also with issues of computational complexity and algorithm design. To illustrate
the distinction between the two fundamentally different aspects of mechanism study,
Table 1 lists afew examples of economics and computational results that are often pre-

sented in research.

Table 1. Examples of Mechanism Design Results

Economics Results

Computational Results

The mechanism is allocatively efficient,
for it chooses an alocation such that no
other alocation can provide higher value
across all agents.

The allocation agorithm employed by the
mechanism can be reduced to acertain
problem which we know to be NP-com-
plete.

The mechanism employs awinner deter-
mination rule that makes it every agent’s
value-maximizing strategy to bid truth-
fully.

We can use adifferent winner determina-
tion algorithm in this mechanism in order
toreduceitsruntimetoonethatislinearin
itsinput.
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Table 1: Examples of Mechanism Design Results

Among all efficient and interim individu-
aly rational mechanisms, the Vickrey-

We can place bounds on the approxima-
tion ratio, compared to an optimal algo-

Clarke-Groves mechanism maximizes the
expected transfers from agents.

rithm’s solution in this Vickrey-Clarke-
Groves-based mechanism, that this algo-
rithm provides.

This mechanism is budget balanced, so it
does not need external funding.

No agorithm can implement this mecha-
nism and have aworst-case computational
complexity that islinear initsinput.

It isunfortunate that a great deal of research focuses on one of the two approaches
to mechanism design while ignoring the other. Focusing solely on the economic properties
of amechanism is dangerous because it often leads to designs which are computationally
infeasible for real-world use. Similarly, because achieving computational goals, such as
tractability, often requires the designer to weaken some of the mechanism’s game-theo-
retic properties, it isrisky to attempt to improve a mechanism’s computational properties
without considering the economic ramifications of the optimizations. Since designers need
to find the right trade-off of economic goals for computational efficiency, the study or
construction of a mechanism needs to be tackled with the tools of both economics and
computer science; this dual approach is the foundation of computational mechanism

design.

1.2 Anytime Strategypr oofness

One of the key challengesin computational mechanism design isto design a mech-
anism that is both strategyproof (it is the dominant strategy of every agent to submit bids

that truthfully represent the agent’ s values for goods) and tractable. By tractable, we mean
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that the algorithms the mechanism implements in determining an instance’ s outcome are
tractable.

M echanisms that implement combinatorial auctions have received agreat deal of
attention lately. Unlike traditional auctions, in which agents express values for and are
rewarded individual goods, combinatorial auctions allow agents to bid on collections, or
bundles, of goods. Combinatorial auctions are powerful because they enable bidders to
express complementary preferences. For example, abidder may value good A alone at $1
and good B alone at $1, but may value them together at $20. He would not want to bid $10
on each of them separately, for he has no guarantee that if he receives one he will receive
the other. Yet if he could express to the auctioneer that he values them together at $20,
another bidder that values each at $2 a piece and together at $5 would not win the two
goods over him. This expression of complementaries isimpossible with standard single-
good auctions. Traditionally, combinatorial auctions implement awinner determination
algorithm, which dictates how the goods are to be partitioned, and who isto receive each
partition. Unfortunately, determining the optimal allocation is NP-complete [Vries and
Vohra, 2001].

Virtually all previouswork on reducing the computational complexity of optimally
solving winner determination while maintaining strategyproofness has approached the
problem by assuming restricted domains of agent preferences. In the realm of combinato-
rial auctions, for example, Lehmann et. a. examines the special case of truthful single-
minded bidders bidders who have a positive value for only one bundle. Mu’ alem and

Nisan propose techniques for constructing computable truthful mechanismsin the single-
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minded bidder case where the mechanism can verify that the bundle on which each agent
places abid istruly the one that agent is interested in, even though the mechanism does
not know the value the agent holds for the bundle. Archer et. al. proposes an approxima-
tion that is truthful but again assumes single-mindedness. Bartal et a. moves beyond sin-
gle-mindedness, but relies on the assumption that there are severa units of each good, and
each bidder desires only a small number of units [Parkes and Schoenebeck, 2004].

Assuming single-mindedness, or restricting the domain of agent preferencesin
some other way, greatly reduces the power and usefulness of combinatorial auctions.
Clearly, there is room for a mechanism that is able to make guarantees about truthfulness
and has good computational properties but does not make strong assumptions about agent
preferences or some other aspect of the system. Since determining the optimal winner is
NP-complete, if amechanism isto be tractable yet not make restrictions on the input
domain, it will need to provide an approximation to the optimal solution. Ideally, the auc-
tioneer should be able to control the quality of the approximation, deciding what is an
appropriate level of trade-off between solution quality and run time.

We propose an anytime, strategyproof (with high probability) mechanism that
tractably approximates solutions to the winner determination problem. By anytime we
mean that if the mechanism is stopped at any point, it will be ableto return an allocation of
goodsto agents; the longer the mechanism runs, the weakly better the approximation gets.
By strategyproof, we mean that each agent has proper incentive to elicit itstrue valuesin
al bidsit makes. Srategyproof with high probability implies that with high probability

each agent has incentive to elicit true values. Our mechanism does not have the strong lim-
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itations on agent preferences that are imposed by the af orementioned mechanisms, and it
does not require the designer to anticipate the complexity of the problem instance. All pre-
vious works that have proposed anytime approximation mechanisms, many of which are
based on local search, are unfortunately not strategyproof. A contemporaneous work by
Parkes and Schoenebeck proposes GrowRange, an anytime strategyproof mechanism;
however, our mechanism isfundamentally different from GrowRange, and we explain this
difference in Chapter 4.

We have written arobust, comprehensive combinatorial auction environment to
analyze our mechanism experimentally, and we present the promising results that the
experiments have shown. In particular, the results show that the restrictions placed on the
mechanism’ s search process to make it strategyproof do not cripple its ability to provide
high-quality approximations quickly, and that its performance is on par with other non-

strategyproof approximation mechanisms that have been proposed.

1.3 Main Results

In thisthesis, we present a number of theoretical and experimental results, which
are summarized here:
1 Theoretically, our mechanism is strategyproof with a probability that can be fine-
tuned by the entity running it. A trade-off exists between this probability and

approximation quality. One factor external to the mechanism and specific to the

domain in which the auction isrun, a parameter we refer to asr , affects the
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approximation quality without influencing the strategyproofness probability. This
trade-off and the significance of r are confirmed experimentally.

2 Theoretically, if our mechanism is strategyproof with probability O, it reduces to
random walk hill-climbing. If it is strategyproof with probability 1, it reducesto
random walk. In between these two extremes is where our mechanism can shine.
These two flavors of random walk are confirmed experimentally.

3 Experimentally, we show that the restrictions placed on the mechanism which
allow it to be strategyproof with high probability do not cripple its ability to pro-
vide high-quality approximations quickly, and that its performance is on par with
other non-strategyproof approximation mechanisms that have been proposed.

4: Experimentally, we show that values of r which are suitable for many real-world
domains allow the entity running the mechanism to choose both high probability

of strategyproofness and good approximation quality.

1.4 Outline

Chapter 2 of thisthesis explains conceptsin detail from mechanism design that are
relevant to our work. Chapter 3 presents an in-depth introduction to combinatorial auc-
tions, and Chapter 4 discusses the anytime strategyproof property for which we aim.
Chapter 5 presents the mechanism, and chapter 6 analyzesit theoretically. In chapter 7 we
describe our experimental setup, and in chapter 8 we present the experimental results.

Finally, Chapter 9 concludes the thesis and describes areas of future work.
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Chapter 2. Mechanism Design

2.1 Introduction

Game theory isaway of modeling agent behavior in a system in which the agents
interact with one another strategically. We provide here a brief discussion of terms and
concepts from game theory that will be relevant to our later discussion. Please note that

some of these definitions were adapted from [Parkes, 2001].

2.2 Basic Definitions

We begin with the concept of type An agent’s type definesits preferences over
different outcomes of agame. More formally, welet ;T Q, define agent i’ s type from
the set of all possible types Q; that agent i can have. Intuitively, g; represents the prefer-

ences that an agent has for every outcome that a game could produce. An agent’s utility
for aparticular outcome ol O, where O isthe set of all possible outcomes, can then be
expressed by a utility function, which takes g; and o as parameters and returns a numeri-
cal value. Agent i prefers outcome o, over 0, according to utility function u if
u(oq, q;) >u(oy, q;).

The actions that an agent performs during every point in the game are dictated by

its strategy. We can define an agent’ s strategy as its complete plan of action for every pos-

sible state of the game. An agent’ s strategy is based on its type, so we can represent agent
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I's strategy ass/(q; ). For example, in asingle-item ascending auction setting, the state of
the world for agent i can be represented by the tuple (a, b, X), where a represents the good
for sale, b represents the current highest bid, and x is a boolean value indicating whether
agent i isthe agent that placed the current highest bid. Agenti’s strategy s(q; ) would

specify the bid bid(a, b, x) that the agent should place in every possible state of the auc-

tion. One strategy could be:

i b+1if a=Paul Pierce autograph and x = falseand b + 1 < 100
|

bid(a, b, x) =
7 NULL otherwise

According to this strategy, the agent is only interested in bidding on one particular item, a
Paul Pierce autograph, and the agent will bid up to $100 for that item. The set s of al strat-

egies s(q; ) that agents choose in a mechanism is commonly referred to as the mecha-

nism’s strategy profile; thuss={s,(q4 ), ..., $,(d, )}, Wheren is the number of agentsin

the system.
A necessary part of any auction isthe transfer of payments from agents to the

mechanism in exchange for goods. We define the outcome space such that an outcome

o = (k ty,%t,) definesachoice k(s) I K, whereK isthe set of possible choices, and a
transfer t;(<), whichisareal number, from each agenti to the mechanism, given strategy

profile sI S, where Sisthe set of all possible strategy profiles. The choice in an auction

istypically the decision about which goods to allocate to which bidders. For example, in

the combinatorial auction example described by Tables 2 and 3 in Chapter 3, the choice
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rule might be that the all ocation which maximizes value across all agentsisthe onethatis
chosen, meaning that Bidder 1 is awarded no goods and Bidder 2 is awarded goods A and

B. Thetransfer rule might specify that each agent pay the mechanism the agent’ svalue for

the goods it is awarded, so Bidder 1 would pay the mechanism $0 (t; = $0)and Bidder 2

would pay the mechanism $20 (t, = $20).

Asis common in mechanism design, we assume throughout this paper that agents
have quasilinear preferences, meaning that u;(o, g;) = vi(k, g;) - t;, where v,(k, q;) is
the valuation function for agent i. A valuation function represents the value that an agent
holds for allocation k based on the agent’ s type.

Although we have been using the term “game” rather loosely up to this point, we
can now defineit formally. A gamedefines the complete set of actionsthat are available to

agents, as well as a mapping from agent strategies to an outcome. Since a game maps the

set of agent strategies to an outcome, the utility function for agent i that we defined before
asu(ol O, q;) canberewrittenas u;(sy, S5, ..., S, 0;) , Where nisthe number of agents
in the game and s represents the strategy of agent j. Thus the utility of each agent defines
its preferences over its own strategy and the strategies of the other agents in the world,
givenitstype g .

As an example of how an agent’s utility could depend on the strategies of other
agents, consider asingle-item auction consisting of two agents. Each agent’ s strategy isto

bid $1 over the current ask priceif the agent values the good more than the current asking

price, and not to place a bid otherwise. Agent 2 has value $100 for the item, so its strategy
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isto bid up to $100 for the item. Agent 1 has value v; for the item. Its utility, based on its
own strategy, the strategy of the other agent, and its value for the item (which is encapsu-
lated in q; ), will thus be v, - 101 if v; > 101, and O otherwise. Clearly, then, its utility
depends on its own strategy, the strategy of agent 2, and its type.

A mechanism defines both the set of strategies available to every agent and an out-

come rule that is based on the strategies of the agents. More formally, a mechanism speci-

fiesthe set of strategies { S;, ¥4, S} that are available to the agents, where S; is the set

of strategies available to agent i and there are n agents, and provides an outcome rule
0:S;" ¥4~ S,® O that isamapping from agent strategies to outcomes. Thus, fed the
specific strategies of the agents, g would return an outcome that is based on the strategies
and on the outcome rule. A mechanism can thus be represented as M = (S,;,%, S, 9).
The outcome rule g that the mechanism implements is based on a social choice
function f, which maps agent types to an outcome; that is, f: Q, ~ %2~ Q,® O.
Although there are many possible social choice functions, the one most relevant to
our discussion is that of allocative efficiency. A social choice function is said to be alloca-

tively efficient in an auction environment if the total value of the resulting allocation

across all agents cannot be larger with adifferent alocation. That is, if:

n
vi(x ;)3 é v (xGq;) " x¢l X,
1 i=1

n Qo5
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where X isthe set of all possible allocations, x is amember of X, and v; isafunction repre-
senting agent i’ s value for the allocation that is passed to the function, based on the type
g; that is also passed to the value function.

The mechanism design problem istypically to structure the mechanism, by defin-
ing possible strategies and making sure that the outcome rules align with the strategies, in
such away that the social choice function isimplemented regardless of agent self-interest.
The mechanism asks agents for their types, and uses these reported types to generate an
outcome that is consistent with the social choice function. It iscritical to note that an agent
does not necessarily have incentive to report its true type to the mechanism, and thus an

agent may attempt to alter the outcome by intentionally deceiving the mechanism.

2.3 Direct Revelation M echanisms

We focus on direct-revel ation mechanisms, in which the only actions that agents

perform are the submission of direct claims about their preferences to the mechanism.

More formally, a direct-revelation mechanism restricts the strategy set S; of each agent |

to Q;, meaning that the strategy set of each agent becomes the set of possible preferences

that an agent could submit. That is, the strategy of each agenti istoreporttype g, 1 Q,

|
based on actual type g; I Q;; thus a, = s(q;) . The mechanism has outcome rule
9: Q" ¥ Q,® O, which mapsfrom preferences to an outcome. Agents submit

claims about their preferences, and g essentially takes the types of the agents, as reported
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by the agents, and maps these to an outcome. That is, g(q,%,qd,) = o, where ol C.

Note that the reported type c_1, of agent i is not necessarily the agent’s actual type g .

The most common way in which agents make claims about their preferencesto a
mechanism isthrough bids. The traditional open-bid ascending-price auction, in which the
auctioneer setstheinitia current bid, agents continuously raise the current bid price until
no agent iswilling to raise it further, and the item is then awarded to the bidder who bid
the current price, is an example of adirect-revelation mechanism. It is adirect-revelation
mechanism because the only involvement that the agents have with the mechanism isthe

revelation of claims, via bids, about their preferences.

2.4 Strategyproof M echanisms
A truth-revealing strategy isonesuch that <(q;) = g; " q;1 Q. A direct-revela
tion mechanism isstrategyproof if it isthe dominant strategy of each agent to have atruth-
revealing strategy; that is, for agent i,
ui(9(a, a_) &) 2 ui(9(g, a5).a) " a5, Gt a,
where cT, isthe type reported by agenti and q_; representsthe types reported by all other

agents. In words, an agent reporting a type other than its true type cannot have higher util-
ity than that associated with reporting its true type. Since in an auction agents may have
incentive to report types that are different from their true types, leading to an outcome that

does not properly implement what the social choice function would have dictated if
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agents’ true types were reported, strategyproofness is an important property in many auc-
tion settings.
Perhaps the most well-known family of strategyproof auction mechanismsisthe

Groves family. A groves mechanism is defined by choicerule
k*(9) = argmax,j xd Vvi(k &)
i
and transfer rules

t(a) = h(a5)-§ vi(k* (@), g),

jri
where h; isan arbitrary function that is independent of the reported type of agenti. In
words, the choice rule implements the choice that maximizes value across all agents,
based on reported type information, and the transfer rule specifies that each agent i must
pay the mechanism an amount equal to the reported value that all other agents hold for the
choice subtracted from some arbitrary amount that is independent of agenti’s reported
type. Groves (1973) proved that mechanisms of thisform are strategyproof and efficient,
and Green and Laffont (1977) showed that Groves mechanisms are the only direct-revela-
tion ones which are allocatively-efficient in a dominant strategy equilibrium.

A Vickrey-Clarke-Groves (VCG) mechanism is a Groves mechanism that defines
the h; function as

h(@) = & v(K'.q),

i
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where k™' = max, vi(k aj) . Inwords, h;, when incorporated into the Groves transfer
jti

rule, is thus enforcing that the price agent i should pay is equal to the difference between
the value of the best allocation across all other agentsif agenti were not in the system and
the value of the actual allocation across all other agentswith agent i in the system. If agent
i entersthe system and wins goods, the total value of the system’ s outcome across all other
agentsis weakly reduced from the total value before the agent had entered, for if i wins
goods then in essence the number of goods available to other agentsis reduced. This pos-
sible reduction of available goods to other agents means that the total value of the outcome
to them must be less than or equal to the value before agent i entered. Thisweak reduction
of values for the other agents can be viewed as a transfer of value from them to agent i,
and thus the VCG transfer rule dictates that agent i must pay the mechanism a payment
equal to thistransfer.

It istrivial to understand why aVCG mechanism is allocatively efficient, for the
choice ruleisin essence the definition of optimal efficiency. The proof of aVCG mecha-

nism'’s strategyproofnessisfairly straightforward and is omitted in the interest of space.
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Chapter 3: Combinatorial auctions

3.1 Introduction

In this chapter we define combinatorial auctions, define the CoMmBINATORIAL AucC-
TION WINNER DETERMINATION problem and characterize its computational properties,
and describe two primary classes of algorithms that attempt to approximate the optimal

solution to a WINNER DETERMINATION problem.

3.2 Combinatorial Auctions and Winner Deter mination

Unlike traditional auctions, in which agents express values for and are rewarded
individual goods, combinatorial auctions allow agents to express values for and win col-
lections, or bundles, of goods. Combinatorial auctions are powerful in that they enable
bidders to express complementary preferences. This ability to express complementarities
often resultsin amore efficient alocation of goods to bidders. For example, suppose that a
seller decides to hold an auction for two items with two bidders, and let us assume that the

bidders have the values for goods described in Table 2.
Table 2: Agent Values

Good A Good B Goods A and B
Together
Bidder 1 $2 $2 $6
Bidder 2 $1 $1 $20
Edward Naim 19



Table 3: System-Wide Allocation Values

Choice Allocation Value Value(

1 bidder 1: { A} $3 $3
bidder 2: { B}

2 bidder 1: { B} $3 $3
bidder 2: { A}

3 bidder 1: {A, B} $4 $6
bidder 2: {}

4 bidder 1: {} $2 $20
bidder 2: {A, B}

In Table 3, Value represents what the mechanism would calculate as a choice’ svalueif it
did not have access to the last column in Table 2, and Valuet represents the value the
mechanism would compute if it did have access to that last column. In an efficiency-max-
imizing auction, if agents could not express complementary preferences—that is, if the
mechanism did not have access to the last column in Table 2—Bidder 1 would win both
goods, for he would be willing to bid up to $2 for each, while Bidder 2 would only be will-
ing to pay up to $1 for each. Choice 3 would be chosen. Clearly, though, the most eco-
nomically efficient allocation corresponds to choice 4, in which both goods would be
awarded to Bidder 2. Without the ability of bidders to express complementary prefer-
ences, the auctioneer islimited to the information in all but the last column of the two
tables, and in this case is forced to incorrectly assume that the allocation of A and B to
Bidder 1 isthe most efficient one. Thus a combinatorial auction gives the auctioneer more
useful information on the values of possible allocations than does a standard single-good

auction.
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More formally, in acombinatorial auction aseller has a set G of goodsit wishesto

sell, a set A of agents that can place bids on the goods, and for each agent al A avalua-
tion function V,: b ® [R,,wherebi G.We assumefreedisposal of goods, meaning
that, if Sand T are bundlesin which agentaisinterested, SI TPk V_(S)£V,(T).Bis

the set of all bundles for which at |east one agent is interested in bidding. We can view

every bid on abundle b as an agent’s reported value V ,(b) for that bundle; abidding lan-

guage, then, isaformal way of expressing valuations. Accompanying well our assumption
of free disposal, we assume in this thesis that our bidding language is an XOR bidding lan-
guage, meaning that:

(1) abidder can submit as many bids as he wishes, but iswilling to obtain at most one

of the bundles on which he has bid.

(2) for abundle b, an agent’ s bid price must be at |east the maximum value of his bid

prices on all subsets of b on which he has aso bid [Nisan, 2000].

A partition is a splitting of goods into non-overlapping bundles. We letB’ be the

set of all subsets of B whose members are digoint; thus B’ is essentially the set of all fea-
sible partitions that contain only bundlesin B. An allocation is an assignment of bundles

in apartition to agents. If agents pay the mechanism a price equal to the reported val ues of

the bundles they win, the revenue of an allocation X1 B¢ issimply

& mac,; (VD).
bl X
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where Aisthe set of all agents. The auctioneer typically aimsto find the member X* I B¢
that maximizes this revenue. It isinteresting to note that if we define revenuein thisway,
X* isnot only the partition that maximizes the auctioneer’ sincome but also isthe partition
that maximizes total value across all agents. Finding X* iscommonly referred to asthe

COMBINATORIAL AUCTION WINNER DETERMINATION problem.

3.3 Solving the Winner Deter mination Problem

Putting incentives to one side for the moment, many approaches to solving Win-
NER DETERMINATION have been proposed. The most straightforward method of solving
the problem isviaan exhaustive search of the partition space; that is, the mechanism looks
at every possible partition of goodsinto bundles and determines the one that has the maxi-
mal value across all agents. In an auction with goods A, B, and C, the partition space,
assuming that all goods are to be sold, would consist of the partitions [{ A}{ B}{ C}],
[{AB}{C}], [{A}BC}], [{AC}{B}], and [{ ABC}], where the lettersin the inner curly
braces correspond to the goods in a bundle. An exhaustive search would visit each parti-
tion, assigning each a value corresponding to its cal culated revenue (based on the bids that
the agents submit for bundles within each partition). The partition with highest value that
the search algorithm encounters is the one that is returned. Obvioudly, an exhaustive
search is computationally poor, for it is searching a space in which the number of search

itemsis exponential in the number of goods.
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Unfortunately, in the worst case we cannot do much better computationally than
exhaustive search if we hope to solve the WINNER DETERMINATION problem, for WINNER
DeTerMINATION IS NP-complete, and thus any algorithms which attempt to solve it opti-
mally will require time that is exponential in the number of goodsin the worst case
(assuming NP does not equal P). It is useful to note that the CoMBINATORIAL AUCTION
WINNER DETERMINATION problem is equivalent to theWEe GHTED SET PACKING problem.
In the WEIGHTED SET PACKING problem, there arem objects and there exists a set S of
sets. Each member s; of Scontains at most k £ m objects, and each s; has associated with
itaweight. The goal isto find the collection C of digoint sets that maximizes total weight.
WEIGHTED SET PACKING is NP-complete, and therefore ComBINATORIAL AUCTION WIN-
NER DETERMINATION is aso NP-complete [Vries and Vohra, 2001].

Although WINNER DETERMINATION iS NP-complete, anumber of algorithms have
been proposed that work well in practice on particular distributions of bids. Sandholm et.
al. proposed a structured search algorithm, afast optimal algorithm called CABOB, which
relies upon a depth-first branch-and-bound tree search technique that branches on bids,
using decomposition techniques, upper and lower bounding, bid ordering heuristics, and a
mix of structural observations[Sandholm et a., 2001]. Collins provided afast extension to
Sandholm’ s search agorithm [Collins, 2002].

Another set of algorithms uses integer programming to solve combinatorial auc-
tions. [Andersson et al]. The WINNER DETERMINATION problem is modeled as an integer
program which has an objective that is subject to a series of constraints. Typically, the

objective isto determine the allocation that maximizes the sum of the values that the
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agents hold for the allocation, subject to the constraints that no good can appear more than
once in an alocation and that agents cannot hold fractions of a good.

Nevertheless, because COMBINATORIAL AUCTION WINNER DETERMINATION iS
NP-complete, we know that any mechanism which attempts to find optimally thek
defined by Groves mechanisms will be NP-complete; thusit is not necessarily ideal to
solve the problem optimally. Some researchers have proposed using local search methods,
like simulated annealing and Tabu search, to provide approximation mechanisms [Hoos,
20001, [Coallins, 2002], [Naim, 2003], mechanisms which implement an outcome that isan
approximation to the optimal one by running an allocation algorithm that approximates
the solution to WINNER DETERMINATION. A nice property about local search algorithmsis
that most are anytime; the algorithms can be stopped at any point and return the best solu-
tion, or partition, they have encountered so far. Another nice property is that the search
direction is guided by what the mechanism has learned about the search space based on
past bids, and thus can be expected, and has been shown, to perform better than a blind
search. As Hoos and Boutilier explain, “[Stochastic local search] has been used in Al and
operations research for many decision and optimization problems with great success, and
has generally proven more successful than systemaic methods on a wide range of combi-
natorial problems...[it] can be applied with great successto the winner determination prob-
lem, finding high quality solutions much more quickly than systematic techniques and

also finding optimal solutions’ [Hoos and Boutilier, 2000].

Edward Naim 24



3.4 Local Search and Casanova In Depth

Because our Consensus Mechanism is based on local search, in this section we
present in detail our version of directed hill-climbing local search, and then we present in
detail Casanova, the most widely known example of a published local search approxima-
tion mechanism. Unlike Casanova and other published |ocal-search-based techniques, our
local search runsalinear program in each step in order to determine the values of neigh-

bors.

LP-Based Local Search
Thelocal search we present depends on alinear program being solved at each step.

In our version of directed hill-climbing local search, the mechanism begins with arandom
partition p, which we will refer to as the current best partition. Based on some notion of
“neighbor” decided a priori, at each step in the local search the mechanism chooses m
neighboring partitionsof p . It elicits bids from each of the participating agents for every
bundle found in the m neighboring partitions as well asfor every bundlein p. Based on
these bids, it then uses alinear program to compute the partition that has the highest total
value across all agents, makes this partition the current best partition p, and then repeats
the process. At any point, the mechanism can be stopped and will return the current best
partition p (often asimple auction, like aVVCG one, isthen run on p to determine which

bundles to alocate to whom and at what prices).

Below is pseudocode for abasic local search algorithm.
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function Local Search(Nunmber Nei ghbor sToConsi der)

{
p: =RandonmPartition()
m = Nunmber Nei ghbor sToConsi der
whi | e(! st opped) {
Nei ghborsLi st = Get Nei ghbors(p, m
P = Local RoundW nner ( Nei ghbor sLi st)
}
return p
}

The Get Nei ghbor s function takes as input the current best partition p and the
number of neighborsto consider, and returns arandom list of neighbors of p; thislist also

includes p itself. TheLocal RoundW nner function takes asinput alist of partitions and
chooses a partition to be the winner for that round; in the case of our version of local
search, it runs alinear program to determine optimally the partition in the current neigh-
borhood that has the highest value across all agents according to the agents' bids. Thelin-
ear program it usesis presented in section 5.4. The basic local search algorithm shown
above can be easily extended to allow for more sophisticated |ocal search techniques, like
stochastic local search and tabu search; these extensions would simply be incorporated
into the Local RoundW nner and Get Nei ghbor s functions, leaving the skeleton code
above essentialy unchanged.

By running alinear program at each step to optimally solve the winner determina-
tion problem on the set of partitionsin the current neighborhood, our local search isusing
atechnique called maximal-in-range, meaning that in each step it is selecting the partition

that yields the optimal alocation, but isdoing so only over the set of partitions currently in
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the neighborhood. Thus in each step our local search solves the winner determination

problem optimally, but only for alimited range.

Casanova

The idea of applying local search to combinatorial auctions for approximating
solutions to the winner determination problem was proposed in 2000 by Hoos and Boutil-
ier [Hoos and Boutilier, 2000]. Their Casanovaalgorithm has been shown to perform well
under several different experimental settings.

The authors of Casanova define aneighbor of partition p to be onein which abun-
dle corresponding to abid that is not satisfied by the current partition is added to the parti-
tion and all overlapping bundles are removed. By unsatisfied, we mean that the bundle is
not in the current partition. Using this neighbor definition, a value sc(b) can be used to
represent the change in revenue obtained by adding the bundle b to the current partition
and removing all overlapping bundles. Casanova employs the notion of “revenue per
good,” meaning that these scores are normalized by the number of goods in the bundle;
thus the scoring function is scorgb) = sc(b)/length(b). Revenue per good is commonly
used to measure the quality of abundle in search-based approaches to combinatorial auc-
tions. Hoos and Boutilier aso define the age of a bundle to be the number of steps since
that bundle was last selected to be added to a candidate partition.

Casanova begins by collecting bids from every agent on the bundles in which each
agent isinterested. The search begins with an empty alocation, and at each step with

probability wp selects a random unsatisfied bundle, and with probability 1 - wp selects an
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unsatisfied bundle greedily by ranking all unsatisfied bundles by score. If abundleis cho-
sen greedily by ranked score, either the highest-ranked bundle by, or the second-highest
bundle bgis chosen as follows: if age(b,,) * age(b,), then choose by,; otherwise, with
probability np choose b, and otherwise choose by,. The search proceeds for Number Steps
steps and is restarted with an empty allocation every Number SepsUntilRetry steps. At the
end of its run, Casanova returns the best allocation found at any step of the algorithm.

Clearly, unlike the flavor of local search we have presented, Casanova does not
solve alinear program in each iteration, and thusis not maximal-in-range.

Hoos and Boutilier’ s experimental results showed that local search, and in particu-
lar Casanova, was indeed a promising anytime technique. However, as described in the
next section and in Chapter 4, the fundamental problem with local-search-based algo-
rithms like Casanovais their susceptibility to manipulation by untruthful agents. We pro-
pose a mechanism that harnesses the power of local search, yet isresilient to unilateral

manipulation by any single agent.

3.5 Addressing I ncentives

Although the local search algorithms that have been proposed do cut back on the
computational complexity inherent in the optimal algorithms, they must do so in return for
the introduction of an approximation. The quality of this approximation isinherently tied
to how well the mechanism searches the partition space, and this in turn depends on how

well the agent bids guide the mechanism. Because the search direction is determined by

Edward Naim 28



the bids that agents submit, agents may have incentive to unilaterally manipulate the direc-
tion of the search, and thus the outcome of the auction, by reporting false values for bun-
dles. These local search algorithms do not provide proper incentives for agentsto bid
truthfully, and thus are not strategyproof. Because agents can mislead the mechanism, this
absence of strategyproofness can have a devastating impact on approximation quality.

In recognition of the importance of strategyproofness, there has been a good
amount of work on non-V CG-based strategyproof mechanisms that cut back on WiNNER
DETERMINATION’ S computational complexity by assuming restricted domains of agent
preferences. These mechanisms can also be thought of as maximal-in-range approxima-
tion mechanisms because their solutions are optimal for the subset of actual partitions they
consider; thus each solution is an approximation of the solution for the full set of parti-
tions. For example, Lehmann et. a. examines the special case of truthful single-minded
bidders bidders who have a positive value for only one bundle. Mu’alem and Nisan pro-
pose techniques for constructing computable truthful mechanismsin the single-minded
bidder case where the mechanism can verify that the bundle on which each agent places a
bid istruly the one that the agent is interested in, even though the mechanism does not
know the value the agent holds for the bundle. Archer et. al. proposes an approximation
that is truthful but again assumes single-mindedness. Bartal et al. moves beyond single-
mindedness, but relies on the assumption that there are several units of each good, and
each bidder desires only a small number of units [Parkes and Schoenebeck, 2004]. Unfor-
tunately, we believe that the restrictions these mechanisms place on agent preference

domains are quite limiting.
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Chapter 4. Anytime Strategyproofness

4.1 Introduction

In the previous chapter we described the two primary classes of approximation
algorithms that currently exist. Algorithms of thefirst use local search’s power to provide
quality approximations. They are anytime but not strategyproof. The second are non-VCG
mechanisms that are strategyproof, but place restrictions on agent preference domains that
are quite limiting. We want the best of both worlds. We want a mechanism that has the
good approximation and anytime properties of the first class, but with the strategyproof-
ness that comes with the second class, but without the limitations of the second class. This
thesis proposes such a mechanism, one that does not have the second class s restrictions
on agent preferences, builds on the strengths of local-search-based algorithms to provide
quality approximations, and is strategyproof.

However, before we describe our mechanism in Chapter 5, we devote this chapter
to afurther explanation of the critical property we strive for, anytime strategyproofness,
and discuss why this property is so difficult to ensure in alocal-search-based mechanism.
This chapter also serves as atransition from the mechanisms of the previous chapter to our
mechanism in the next chapter by presenting a contemporaneously-proposed anytime
strategyproof mechanism, GrowRange, and highlighting the fundamental difference
between our mechanism and GrowRange.

We define in this chapter what we mean by a mechanism that is anytime strate-

gyproof, we explain why most approximation mechanisms based on local search are not
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strategyproof, we describe GrowRange, and we describe what goals we have for the

mechanism we are proposing.

4.2 Anytime M echanisms

An anytime mechanismM = (S;, %, S, g) isoneinwhich theg function can be

stopped at any point by the controller of the mechanism to return an outcome o(T O. A
desirable feature of an anytime mechanism isthat at time t+1 the outcome returned by gis
weakly better than the one returned at time t; most anytime mechanisms are constructed to
have this property. For example, if the social choice function aims for allocative effi-
ciency, an anytime mechanism should be designed such that the value of the outcome
across all agentsif g were stopped at timet + 1 isat least ashigh as, if not higher, than the
value of the outcome if g were stopped at timet. Thusif we graph allocation value over
time we should get a monotonic curve. It is possible that the solution returned by g after
being stopped at a certain time is optimal.

An anytime approximation algorithm has the nice property that the entity running
it can determine the appropriate trade-off between approximation quality and run time by
choosing for how long to run the algorithm.

Asdiscussed in the previous chapter, local search algorithms are well-suited to be
anytime approximations for WINNER DETERMINATION. There have not been published
results on the performance of maximal-in-range local search algorithms, because we

present them for the first time here, but experimental results on non-L P-based local search
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algorithms have shown the power that these algorithms have. They have been shown to
produce quality resultsin most settings within a short amount of time relative to the time

that the optimal solution takes [Hoos and Boutilier, 2000], [Naim, 2003].

4.3 Strategyproof Consider ations

Although it has received attention because of its ability to quickly search the parti-
tion space, the idea of using pure local search techniques for solving or approximating the
winner determination problem has a fundamental limitation; it ignores the issue of agent
incentives. In reality, incentives need to be dealt with, for agents may not haveincentiveto
bid their true values on certain bundles. Becausein alocal search the mechanism deter-
mines the value of each neighbor—and in turn determines the best neighbor—based on
the values submitted by agents, an agent, by purposely submitting bids that do not repre-
sent itstrue values for certain bundles, can unilaterally manipulate the direction of the
search, and thus the outcome of the mechanism.

The problem with such manipulation is that it can reduce the economic efficiency
of the allocation that the mechanism returns. As an example, suppose there are three
agents participating in alocal-search-based auction. The mechanism is currently attempt-
ing to choose among three different neighboring partitions. Partition a contains bundles
1, 2, and 3, partition b contains bundles 4, 5, and 6, and partition g contains bundles 5, 6,
7 and 8. Table 4 shows the actual values that the three agents have for each bundle. Based

on thetable, it isclear that partition a isthe best across all agents, for it has atotal value
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of 35 (agent 1 is allocated bundle 3, agent 2 is allocated bundle 2, and agent 3 is allocated
bundle 1). Y et agent 3 has more value for partition g. Suppose agents 1 and 2 submit their
true values for the bundles. Agent 3, however, is better off by lying to the mechanism. If

he submits bids of O for al bundles except 8, and submits bids of 100 for 8, the mechanism

will choose partition g as the best partition. Suppose at this point the mechanismis

stopped. It will thusreturn g rather than a as the best partition encountered, resulting in
an alocation that is 22 units lower than it would have been if agent 3 had been truthful.
Although agent 3 is better off by manipulating the mechanism, the system asawholeis
worse off. This type of manipulation can occur at any point in the local search, not just at

the end, and can thus affect the direction that the local search takes.

Table4
Bundles
112 3| 4|5 |6 |7]|s3s
. 1 1|5 |5 |10 |o0|0] 0|0
& | 2|2 |10|5|0]|]O0]|O0]|O0]|oO
“[3 w210 ]1|2]3]|3

Clearly, the lack of strategyproofness that these mechanisms have limits their ability to
discover alocations that truly are value-maximizing, for an agent can unilaterally fool the
mechanism into pursuing partitions that make the agent better off but do not move the

search in the direction of allocative efficiency.
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4.4 GrowRange: A Strategyproof Anytime M echanism

Aiming to propose an anytime approximation algorithm that is strategyproof with
high probability and does not place limits on agent preferences, Parkes and Schoenebeck
have contemporaneously proposed GrowRange, an anytime V CG-based mechanism that
is based on the principle of maximal-in-range allocations [Parkes and Schoenebeck,
2004]. An allocation is said to be maximal-in-range for a set of bundles Sif it isthe best
allocation of bundlesin Sto agents. We refer to the bundlesin Sas the range of bundles
being considered. The GrowRange mechanism begins with alimited set, or range, of bun-
dles, and determines the valueV(n) of the maximal-in-range allocation across all n agents.
Then, for each agent i, it calculates the value V(n/i) of the allocation that is maximal-in-
range across al n agents except i. It then growsin parallel the partition associated with
V(n) and the partition associated with each V(n/i) to include more bundles, updating the
V(n) and V(n/i) values along the way. This process continues until the mechanismis
stopped, at which point it returns the allocation that is currently maximal-in-range across
all agents. The mechanism uses the V(n/i) values to determine payments from the agents
for the allocation.

The GrowRange mechanism can be thought of as a search-based algorithm that in
each iteration grows the current search space and then finds the maximal-in-range solution
within the new, augmented search space. Agents cannot manipulate the direction of the
search—that is, the way in which the search space is augmented—because the search
gpace is grown randomly. Agents could manipulate the mechanism by submitting untruth-

ful bids that alter the time the mechanism takes to find the maximal-in-range solution in a
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given round and thereby affecting the number of ranges that the mechanism visitsin a
given amount of time. However, Parkes and Schoenebeck address this problem through
the use of a special class of functions called r -consensus functions, which make time-
based manipulation infeasible with high probability. Wetoo use r -consensus functionsin
the Consensus mechanism we propose, but not to tackle time manipulation, a problem our
mechanism does not have, but rather to prevent unilateral misguidance of the mechanism
by an agent.

Although both our mechanism and GrowRange are anytime and strategyproof with
high probability, and although both mechanisms depend on maximal-in-range calcula
tions, the GrowRange mechanism is fundamentally different from ours. The two employ
drastically different algorithms, and comparing their algorithms is like comparing apples
to oranges. Nevertheless, we can pinpoint a single fundamental difference between the
high-level approaches that the two take: GrowRange lacks guidance in exploring its
search space, while the Consensus algorithm is based on directed local search. Grow-
Range does not use information it has learned from agent bids when deciding which bun-
dlesto add to its range; instead, it randomly adds bundles. Although thislack of guidance
hel ps the mechanism’ s strategyproof property, information extracted from agent bids can
be agood heuristic in determining which bundles not in the current range might yield allo-
cations with high value if added.

We propose alocal -search-based mechanism that, like GrowRange, isanytime and
strategyproof with high probability, but unlike GrowRange is able to have this strate-

gyproof property while also using agent bids to guide the search direction. In addition, our
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mechanism allows the entity running it to specify the probability with which it is strate-
gyproof, enabling the appropriate level of trade-off between strategyproofness and effi-
ciency to be specified at runtime. This last property gives the mechanism a good amount
of robustness, for it allowsit to have good performance across different auction domains
that may have different optimal trade-off levels.

GrowRange is undoubtedly a novel mechanism that has produced impressive
experimental results. We choose to build a mechanism that is similar to GrowRange in
that it is anytime strategyproof and relies upon maximal-in-range calculations, but funda-
mentally takes a different approach from GrowRange by attempting to employ the power

of local search to guide its maximal-in-range search.
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Chapter 5. Consensus M echanism

5.1 Introduction

In this chapter we discuss the details of our mechanism. Please note that for now
incentives are ignored, and that in Chapter 6: Theoretical Analysis, we explore incentives
and prove the probability with which the Consensus Mechanism described in this chapter

is strategyproof.

5.2 r -consensus Functions

To achieve our goal of resilience to unilateral manipulation, we employ the use of
r -consensus functions, functions which Goldberg and Hartline proposed in a different
context [Goldberg and Hartling].

Wesay thatg: R . ; ® R isar-consensus function atxif:
(1) g(x)® x" x

(2 g(x) = g(x¢) " x¢st. %(E XCE x for somer >1.

Thus, as defined, a r -consensus function for anumber x is essentially a step func-

tion that maps x to avalueg(x) that is (1) at least aslarge as x and that (2) is the same for

all x¢ between ;—( and x. With this definition, if g isa r -consensus function for x, any

input x¢ that is between x/r and x yields a g(x() value that is independent of the exact
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value of x¢. Figure 1 illustrates this definition. In thisfigure, gisa r -consensus function

for x4 but not for X,.

Figure 1. Graphical Representation of a r -consensus Function
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5.3 High-L evel Overview of Consensus M echanism

From a high-level perspective, our anytime mechanism will employ alocal search
algorithm to explore the partition space. As described before, the primary drawback to the
local search algorithms that have been proposed in the past is their susceptibility to agent
mani pulation; an agent can control the direction that the search takes by submitting false
bids that ater the mechanism’s evaluation of one or more neighborsthat it is considering

in a particular step. To avoid this manipulation, our mechanism, when evaluating a partic-
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ular neighbor, will rely on a r -consensus function to map the value calculated for that
neighbor based on agent bids to a numerical value that no single agent can influence with

itsbids aone. That is, the mechanism uses r -consensus functions in an attempt to map

the total value \Tp = V(p, q) calculated for aneighbor partition p based on agent bidsto

avalue V(= g(\Tp) that no agent can affect unilaterally by changing \Tp .V, Cisthen

used by the mechanism as an estimate for the value of p. When the mechanism is attempt-
ing to evaluate partition p in aparticular step of the search, if it isthe case that for parti-
tion p no agent can unilaterally alter V! by changing \Tp, then thereissaid to be a
consensus on thevalue of p, and V! isused as an estimate of the value. Otherwise, there
issaid to be no consensus on p’ s value and the mechanism ignores p . For the mechanism
to perform well in its search, it is important that the entity running it choosea r that is
suitable for the domain in which the auction is being run; the significance of the r value
that is chosen, as well as considerations that must be taken into account in determining an

appropriate value of r , are discussed later in this chapter and in our experimental results

presentation in Chapter 8.

5.4 Details of Consensus M echanism

In our combinatorial auction environment, welet V(p) = V(p, q) bethetotal

value of partition p for all the agentsin the auction, and let V_(p) = V(p, q_;) bethe

Edward Naim 39



total value of p without agent i. By total value of a partition we mean the value that
results from allocating bundles in the partition to agents in the way that maximizes the
sum of the values of the agents for the allocation. The reader can remind himself what
“total value” means in our combinatorial auction setting by revisiting the example

described by Tables 2 and 3 in Chapter 3. In this example, allocation 1, for instance, has
total value $3 and allocation 4 has total value $20. Welet V(p) = V(p, q) bethe
reported total value of partition p acrossall agents, and V_;(p) = V(p, q__i) be the

reported value of p without agenti. For somer > 1, it must bethe casethat, for al agents
: . V(p) : 5 s
i and all partitions p, ; £V_(p) £V(p), assuming V(p) 2 0 and V,(p)2 0.1In

other words, assuming that agents have bounded and positive values for bundles, thereis
somer > 1 such that no agent has values for the bundlesin any p that would move the
total value of p, with the agent in the system, by greater than afactor of r from the total

value of p without the agent in the system.

Although later in this chapter we will make more precise the way in which we
derive the neighbors of a partition, for the moment assume that the mechanism has a
blackbox function which takes as input a partition and returns a list of mneighboring par-
titions. Thislist of mneighborsis asubset of the full set of neighbors that the partition has.
Because the consensus mechanism is local-search-based, at each step in the search the
mechanism must derive alist of neighbors of the highest-valued partition it has found thus

far, and choose as the best partition the neighbor with the highest value (or keep the cur-
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rent partition as the best one if it has higher value than the neighbors at which it has
looked). If the mechanism needs to evaluate partition p in a particular step of the local

search, it determinesif gisar -consensus function for p ’svalue by checking that

g(V;(p))=9(V(p)) "i.If gisinfact ar-consensus function for p’svalue, then the

value associated with p isg(V(p)). If gisnot ar -consensus function for it, the mecha-

nismignores p in this step.

1

(1-q

We now need to defineg. Weletc = r , Where g isthe desired probability of

consensus and u is chosen uniformly from [0,1]. By “probability of consensus’ we mean
the probability that g will be ar -consensus for the value of a partition p chosen at ran-

dom. Following Goldberg and Hartline, we define
gy «(¥) = min; Ly st xg '

to be our r -consensus function. In words, g, .(X) chooses and returns the minimum

value ¢ such that j isan integer and x £ ¢/ .

We now give the pseudocode for our algorithm:

functi on Mai n(Nunmber Nei ghbor sToConsi der, rho, Q)

{
p = RandonPartition()

pC = NULL
m = Nunber Nei ghbor sToConsi der
u = RandonDoubl e(0.0, 1.0)
while (!stopped) {
Nei ghbor sLi st = Get Nei ghbors(p, m
pC¢ = Local ConsensusW nner ( Nei ghborsList, u, rho, Q)

if (g(value(p¢),u,rho,q) >= g(Value(p),u,rho,q)) {
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}

run VCE p) and return resulting allocation

}

function Local ConsensusW nner ( Nei ghborsList, u, rho, q)

{
CurrentBestVal =0

ConsensusNei ghbors = {}
for each Nei ghbor in NeighborsList {

/[l if there is a consensus on this |ot
if for all i (g(ValueWthoutl (Neighbor,i),u,rho,q) ==
g( Val ue( Nei ghbor),u,rho,q)) {
if (g(Val ue(Neighbor)) > CurrentBestVal ue) {
Cur rent Best Val ue = g(Val ue( Nei ghbor))
ConsensusNei ghbors. Cl ear ()
ConsensusNei ghbor s. Add( Nei ghbor)

} else if (g(Val ue(Neighbor)) == CurrentBestVal){
ConsensusNei ghbor s. Add( Nei ghbor)
} else {

/!l discard the neighbor--do nothing with it
}

}
}
i f (ConsensusNei ghbors == {}) {

return random Nei ghbor from Nei ghborsLi st
} else {

return random Nei ghbor from ConsensusNei ghbors

}
}

function g(x, u, rho, q)

{
c =rho” (1/ (1- q)
j 0
current_mn =0

/1 keep going until find x <= c”(u+j), in which case return
[ cM(utj)
do {

current_mn = cM(u+j)

j =] 1
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} while (current_mn < x)

return current_mn

The Get Nei ghbor s function returns alist of mrandom neighbors of the partition
p that ispassed toit. The Mai n function choosesu uniformly from [0,1], begins with a
random partition, and repeatedly generates random neighbors of p, updating p in each
loop to be what isreturned by the Local ConsensusW nner function if what is returned
has a higher consensus value than the current p. The Local ConsensusW nner function
performs the brunt of the work. For each neighbor in the list that is passed to it, the func-
tion determines whether or not thereisa r -consensus on the value of the neighbor. There

isar -consensus on the value of the neighbor if, for every agenti, g passed the neighbor

value without i yields the same value; that is, g(V_;(p)) = g(V(p) ) " i. TheLocal Con-

sensusW nner returns the neighbor that has the highest consensus value, or, if two or
more neighbors are tied for having the highest consensus value, the function breaks ties
randomly. If none of the neighbors has a consensus value, the function returns a member
of Nei ghbor sLi st at random.

We assume that the val ue function has access to agent bids. The value of a parti-
tion, based on the bids submitted by agents, is the revenue-maximizing allocation of bun-
dlesin the partition to agents. According to how we defined revenue in section 3.2, we
know that the revenue-maximizing allocation is equivalent to the allocation that maxi-
mizes system-wide value. If we let B be the total number of bundlesin the partition, let A

be the total number of agents, let the binary variable x; represent whether or not agent i
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getsgood |, and let v; represent agent i's value for good j, the value of a partition is mod-

elled by the following linear program:

B A
maximize a a x;v
j=1li=1
A
subject to a X £ 1" j (1)
i=1
B
a X £ 1" )
i=1
X [ {0, 1} 3

Thefirst constraint ensures that only one agent can hold good j. The second mandates that
no agent can hold more than one bundle. The third specifies that X;; is abinary variable.
TheVval ueW t hout I function is the same astheVval ue function, except it computes the
solution to the above linear program without agent i.

The g function simply returns the value that it maps input x to according to the

_1
definition g, .(x) = min;; (" st xe ! wherec = r 79 Asillustrated by

the pseudocode, g’ sruntimeislinear in itsinput x.

At the end of the Mai n function, we run aVVCG auction on the partition that the
mechanism has chosen. This VCG auction allocates the bundles in the partition chosen by
the mechanism to agents and cal culates the transfers required from agents to the mecha-

nism. The details of VCG auctions are given in Chapter 2.
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We choose to define a neighboring partition as one that is generated by the follow-
ing process: A neighbor p¢ of partition p is generated by choosing arandom bundlie b’
notin p, adding b’ to theinitially empty p¢, and then adding every bundle in p that does

not overlap (has no overlapping goods) with b’ to p¢.
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Chapter 6: Theoretical Analysis

6.1 Introduction

We aim in this chapter to analyze and prove the incentive properties of the consen-
sus mechanism that we described in Chapter 5, and we aso analyze the trade-offs that the
entity running the consensus mechanism must make between strategyproofness and

approximation quality.

6.2 Strategyproof Analysis

Although the previous chapter describes how the mechanism works, it may not be
clear to the reader why with high probability this mechanism cannot be manipulated uni-
laterally. This chapter analyzes the properties of the mechanism that ensure its non-manip-
ulability.

For convenience, we again state what it means for afunction to be a r -consensus

function for anumber. Wesay that g: R . ; ® Risar -consensus function for x if:
(D g(x)® x" x
(2 g(x) = g(x¢) " xest. %(E XCE x for somer >1.

It isimportant first to note that no function works as a consensus estimator for all x

for the ssmple reason that if any such function did exist it would need to be constant to sat-
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isfy the second criterion in the definition above, but the function cannot be constant

according to the first criterion.

We define G, to be the distribution from which our g functions, as we defined

them, can be drawn.
Lemmal

The probability that g(x) drawn from the distribution G, is a consensus for x is con-
stant for all x; the probability is 1 —log,r .

Proof taken directly from [Parkes and Schoenebeck, 2004]

We fix an x and integrate over the possible values of u that give us a r -consensus

function. Without loss of generality, we assume that ;—( = ¢l for some integer j.

Then d *ui [>—( Erz(g.ltisimportanttonotethat d*ul [)r—(,x) iff this function

isnot a r -consensus function.

¢t =x u=logex—j
O P(u)du = O Pp(u)du
¢t :)r—( u:Iogc?(—j

— ; X 0 -
= (log.x—j) —g?ogCF ~jg = logr . QED.

Clam 1

If the value of u chosen at runtime is hidden from the agents, no agent can unilater-

ally affect whether or not agiven partition p has a consensus on its value.
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Pr oof

From Lemma 1, we know that if we choose our g function uniformly from G,, the
probability that there is a consensus on inputx is constant for al x. If an agent does

not know the value of u chosen by the mechanism, then it does not know which g

function was chosen from G,.. Thus, from the agent’ s perspective, any valuethat is
fed to the g function has an equal probability of being deemed a consensus value.
Thus an agent cannot hope to affect whether there is a consensus on the reported
value v of partition p by changing the reported value to v2, for the probability
that there is a consensus on v( isthe same as the probability that there is a consen-
suson v2. QED.

Claim 1 impliesthat the mechanism can discard all partitions for which it is not the

casethat g isaconsensus for V(p), yet still not be manipulable by agents. After all, since
agents do not know the g function ahead of time (because u is chosen randomly at run

time), they cannot purposely attempt to influence whether or not there is a consensus on

the val ue of the neighbor by manipulating V(p) , for the probability that the g function that

is chosen by the mechanism is a consensus for V(p) is constant for all V(p) .

Even though the proof of Claim 1 shows that an agent cannot influence whether or
not thereisa r -consensus on the reported value of a partition, it neverthelessis a bit diffi-
cult to understand conceptually how the r -consensus functions handle the case of anill-

intentioned agent that tries to manipulate the auction by bidding extreme values on certain

bundlesin a partition that the agent would like thrown out (and hence would like to force
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the partition’s value to not have a consensus). In understanding why the r -consensus

functions are resilient to such manipulation, we must remember that thevalue r ischosen
. . V(p) .
such that for al agentsi and all partitions p, ; £V, (p)£V(p).Recdl that r is

external to the mechanism and is chosen by the entity running the mechanism as avalue
appropriate for the domain in which the auction is run. For example, if the bidsin an auc-
tion fall into a particular distribution of bidsinwhich it isinfeasible for the bids of asingle

agent to move the value of a partition by more than afactor of 2 from the value of the par-
tition across all other agents, 2 would be a suitable value for r . We present in our experi-
mental results chapter concrete examples of suitable r values for avariety of auction

settings. Because r is chosen as appropriate for the domain in which the auction is run,

agents are not able to bid extreme values that would yield a non-consensus, for a bid that

could throw off whether a partition is a consensus or not would be infeasible according to

the domain-specific value of r . Thevalue of r that isfed to the mechanism should be

chosen to make the bounds \ﬁrﬂ) £V_(p) £V(p) on V_(p) astight as possible.

Because cis simply aconstant, note that the proof of Claim 1 isindependent of the
value of cthat ischosen. Our mechanism isthusfreeto choose ac, so we decide to choose

one that, building on the results of Claim 1, allows the probability of consensusto be a

parameter on which c is based. Since the probability of consensus gis 1-log.r , we see

that:

g= 1-log.r
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1-q = log,.r
1-
c 9=r
1
c=rl-a,

Hence, for agiven r , we can fine-tune ¢ by adjusting the probability that g will be a

r -consensus function for any input x.

Claim 2
When we have a consensus, the value g(V(p) ) cannot be unilaterally influenced
by a single agent.

Pr oof

A consensus implies that for every agent i, g(V_(p)) = 9(V(p)), meaning that

no single agent could have submitted bids that influenced the consensus value

g(V(p)). QED.

Thusfar we have analyzed the incentive properties of someindividual components
of our mechanism, but it is necessary at this point to put these individual piecestogether to
show what guarantees the mechanism as a whole can make about its strategyproofness.

Claim 3

The consensus mechanism is non-manipulable with probability 1 —(1-q)",

where n isthe number of neighbors that the mechanism considers in each iteration

of the local search.
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Pr oof

Our mechanism includes the Mai n, Local ConsensusW nner , g, VCG, and Get -
Nei ghbor s functions. We will examine the manipulability claims we can make
about the objects returned by each of these. We know that the all ocation returned
by the VCG function is non-manipul able because of the VCG auction’s strate-
gyproof property that we discussed in Chapter 2. Thelist of neighbors that the
Get Nei ghbor s function returnsis not susceptible to manipulation because this
function simply returnsalist of random neighbors of the partition it isfed. Because
the g function simply maps an input to an output, and because the value that the
input is mapped to is based entirely on the u, r ho, and g parameters, which no
agent can affect, g is not susceptible to manipulation.

Inour Local ConsensusW nner function, because the u value is chosen in the
Mai n function at runtime and is not known to the agents, we know from Claim 1
that no agent can affect whether there is aconsensus on aparticular partition, so no
agent can affect whether or not the algorithm passes the firsti f statement. If the
code within the firsti f statement’s body is executed, the only items that can be
updated arethe Cur r ent Best Val ue variable and ConsensusNei ghbor s array.
However, the decisions about whether to update these two items and if so with
what values are dictated by the value returned by the g function; so the only way
an agent could alter these two objects is by altering the g value. Y et we know that
there is a consensus value for the partition we are considering if we are executing

thecodeinthisi f statement’s body, and we know from Claim 2 that as aresult the
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g value cannot be manipulated; thus no agent can affect whether or not these two
objects are updated and to what values they are updated. Since the only timesin
which we update the only two objectsinthe Local ConsensusW nner function,
Current Best Val ue and ConsensusNei ghbor s, arewithin thisfirst i f state-
ment, and since we now know that the decisions made within thisi f statement are
not susceptible to manipulation, we know the values of Cur r ent Best Val ue and
ConsensusNei ghbor s cannot be influenced by asingle agent. The lasti f state-
ment simply decides what to return based on these two objects, and since these two
objects cannot be manipulated, the item returned by the Local ConsensusW n-
ner function cannot be manipulated.

We now examine the Mai n function. TheMai n function repeatedly calls the
Local ConsensusW nner function and compares the g value of the partition p¢
returned by that function with the g value of p . We know that aslong asthereisa
consensus on the value fed to the g function that the output of theg function is not
susceptible to manipulation. Thus, whenever the Local ConsensusW nner
returnsa p¢ for which thereis a consensus on its value, the g value of p¢ will be
non-manipulable, and thus the comparison that the Mai n function makes between

the g values of p and p¢ isnot susceptible to manipulation. However, if the

Local ConsensusW nner function returns a partition p( that does not have a

consensus value, then the comparison the Mai n function makes between theg val-

ues can be manipulated. We know that the only way in which the Local Consen-
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susW nner function would return a partition that does not have aconsensuson its
reported valueisif no neighbor it considered had a consensus on its reported value,
in which caseLocal ConsensusW nner returns arandom neighbor that does not
have a consensus. We know that with probability q a particular neighbor that is

being considered will have a consensus on its reported value, and with probability

1 - qitwill not have aconsensus. Thus, if theLocal ConsensusW nner function
evaluates n neighbors, with probability (1 —qg)" no neighbor will have a consen-
sus on its reported value, so with probability 1 —(1—q)" it will not be the case
that no neighbor has a consensus on its reported value (i.e., at least one neighbor
will have a consensus on its reported value). Thus with probability (1 —q)" the
comparison that the Mai n function makes can be manipulated. Thus with probabil-
ity (1 —q)" an agent can change the direction of the search at a given step, so with
probability 1 —(1—q)" no agent can change the direction of the search in agiven

step. Thuswith probability 1 —(1—q)" the mechanism is non-manipulable. QED.
It follows from Claim 3 that only when g = 1 (which isimpossible because this
case would result in division by 0 when calculating c) is the mechanism completely
mani pulation-free. The reader may at this point wonder why it is not to the mechanism
designer’s advantage to set g as close as possible to 1 in order to have the mechanism be
non-manipulable with as high probability as possible. We will seein the following sec-

tion, however, that the value of q affects the quality of the approximation that the mecha-

Edward Naim 53



nism returns, and that for thisreason it is not always advantageous to set g as high as

possible.

6.3 Performance Analysis

For agiven r , c grows as the probability g of consensus grows. Thus as the proba-

bility that g will be ar -consensus function for arandom valuex increases, so do the step
sizesin the step function g. Intuitively, this linkage between consensus probability and

step size makes sense, for the larger the stepsin g, the higher is the probability that the
region between ;—( and x will fit on the same step. As c increases, though, the accuracy of

the estimates that g produces decreases, for as step size increases, g maps more input val-
ues to the same step, meaning that the value returned by g is less meaningful in determin-
ing which partitions are more valuable. Although increasing the probability of consensus
is good because it means that the mechanism discards fewer partitions and thus has a
smaller chance of throwing away valuable partitions, increasing the accuracy is also good
because it meansthat for the partitions that do have a consensus, the g function more accu-
rately maps the partitions to their actual values, and thus there is a smaller chance that par-
tition B, which isless valuable than partition A, is chosen over A because both mapped to
the same value and B was randomly chosen instead of A.

It isinteresting to observe that as we move toward the extreme ends of the spec-
trum that has accuracy on one end and consensus probability on the other, we in essence

move toward arandom walk algorithm. As accuracy falls (probability of consensus rises),
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the algorithm moves closer to arandom walk, for more partitions are mapped to the step

which has the highest-valued partition, and thus more partitions are chosen at random by

the consensus algorithm; in the extreme case, where there is only one step, the mechanism

reducesto arandom walk, for it simply chooses arandom partition at each iteration in the

search. Y et as accuracy increases (probability of consensus decreases), the algorithm

again moves closer to arandom walk, for the smaller step sizes mean that there is alower

chance of consensus, implying that valuable partitions have an increasing chance of being

discarded and thus less valuable ones have a greater chance of being selected; in the

extreme case, the steps are so small that because there is no consensus for any input x a

partition is chosen at random in each iteration of the search, and again the algorithm

reduces to random walk. Figure 2 illustrates our observations.

Figure?2
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We note, though, that the flavor of random walk at the lefthand side of the spec-

trum isdifferent from that at the righthand side. Even though with both g=0and g = 1 the

Local ConsensusW nner function returns arandom partition, there is a difference

Edward Naim
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between the two in what happens with this returned partition in the Mai n function. When
the probability of consensusis 0, the g function is highly accurate, but when the probabil-

ity is1itisperfectly inaccurate (in the sense that every input maps to the same output).

Since in both cases the Mai n function will be able to find a consensus for neither p nor

p¢, it will rely on theg value returned by the Local ConsensusW nner function to
determineif the most recently returned partition is the best one seen so far. Sincewhen q =
1 the g function returns the same value on every input, the Mai n function at each iteration
simply selects the last partition randomly chosen by Local ConsensusW nner to be the
best partition seen p, for g( val ue(p(), u,rho, q) >= g(Value(p), u,rho,q) will
alwaysbetrue, and thus p ¢ will alwaysreplace p . In essence, then, the algorithmisacting
as a non-hill-climbing random walk, for at each step it makes a random partition the best
one, regardless of how it compares value-wise to previously seen partitions. On the other
hand, when g = 0, the performance of the consensus algorithm is essentially the same as
random walk hill-climbing, for the highly accurate g function maps every input to a sepa-
rate output such that if x > X' then g(x) > g(x’); in essence, then, the algorithm is perform-
ing hill-climbing random walk. Because when g = 1 the information returned by g, which
isbased on the reported value of agents, isnot used at all in determining which partition to
make the current best, the non-hill-climbing random walk is completely non-manipulable.
However, when g = 0, the algorithm completely reduces to hill-climbing random walk,
which means that its entire decision on which partition to move to is based on the reported
values of agents, for g maps every input to a unique output that maintainsthat if x> X’

then g(x) > g(x’). Thus, as we move from the left hand side of the spectrum to the right-
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hand side, aswe move from hill-climbing random walk to non-hill climbing random walk,
we move from completely manipulable to completely non-manipulable, which is con-
firmed by our earlier observation that the algorithm is non-manipulable with probability
1-(1-qg)", wheren isthe number of neighbors the local search considersin each itera-
tion.

This inherent tension between accuracy and probability of consensus means that it
isimportant to determine an appropriate g for agiven value of r : that is, aqthat effec-
tively balances accuracy and consensus probability, coming close to maximizing the value
of the alocation that isreturned by the mechanism while still yielding a high strategyproof
probability. There is a nice middleground between the two ends of the spectrum that
allows the mechanism to avoid the ignorance of random walk, and we show in our experi-

mental results chapter the impact that varying q has on the search’s success.

It isimportant to note that the value of r that isfed to the mechanism should be
. . . . V(p)
chosen so that r isas small as possible while maintaining that . £V_i(p) £EV(p).As

r increasesfor agiven q, the value of ¢ gets larger, meaning that the accuracy of the esti-

mate falls. However, c rising for a given q means we get adip in accuracy without a com-
pensating increase in consensus probability; the step sizes are larger, meaning that more

inputs get mapped to the same g output, yet the consensus probability stays the same

because the region between ;—( and x grows with the step size. Thus accuracy falls yet we

do not get the benefits of an increasein consensus probability (we do not get adecreasein
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our chances of discarding avaluable partition). Thus the larger that r gets, the closer we
move to the ignorance of random walk, for accuracy islower while al el se stays the same.
This negative effect of increasing r impliesthat r should be made as small as possible,

given therealities of the domain in which the auction is run. We show in our experimental

results the effect of increasing r while keeping all else the same.
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Chapter 7. Experimental Setup

7.1 Introduction

Although we have shown that our consensus algorithm adequately addresses
incentive issues, an important question we need to exploreis how well the mechanism per-
forms from the perspective of alocative efficiency. The main goal of shaping our mecha-
nism’s winner determination process in the form of aloca search algorithm is that these
algorithms, ignoring issues of agent incentives, are known to provide good approxima-
tions; yet we need to feel confident that the modifications and constraints we have added
to basic local search through our use of consensus functions is not too limiting from an
efficiency viewpoint. Even if the proposed mechanism has desirable incentive properties,
itisquite uselessif it does a poor job of approximating the optimal solution. For this rea-
son, we built arobust combinatorial auction simulator which allowed us experimentally to

evaluate our mechanism'’s efficiency.

7.2 Algorithms Used as Benchmarks

A study of the quality of our algorithm’s approximations is quite meaningless
unless we examine its quality in comparison to other algorithms’ performance. We chose
to implement three other |ocal-search-based algorithms to use as benchmarks against our
consensus approximation: LP-based directed hill climbing, L P-based random walk hill

climbing, and Casanova. Pseudocode together with a description of the directed hill
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climbing agorithm was given earlier (directed hill climbing was earlier referred to as
basic hill climbing or basic local search). A description of Casanova was aso given ear-

lier. The random walk hill climbing mechanism simply starts off with arandom partition

p and determinesits value across all agents based on agent bids by running the linear pro-
gram we described earlier. It then chooses arandom partition p¢ and determinesits value
across all agents based on bids by running the linear program. If it isthe casethat p( hasa
higher reported value than p, then p¢ becomes p. Otherwise p staysthe same. A new p(
is then chosen at random, and the process repeats. This simple process continues until the
algorithm is stopped.

We chose L P-based directed hill climbing becauseit is essentially identical to our
algorithm, except it does not employ consensus functions and is not strategyproof. We can
thus view directed hill climbing as our algorithm but with the “incentive-compatible
switch” turned off. We selected L P-based random walk hill climbing because its lack of
direction helpsillustrate the value of guidance in alocal search’s productivity; because
our algorithm has tendencies toward random walk as q goesto 0 and g goesto 1, we want
to show what our algorithm reducing to random walk—and thus losing all guidance—
would mean. Finally, we decided to use Casanova as a benchmark because it is the most
widely-known published example of an approximation mechanism based on local search.

In our ssimulation, the mechanism has access to the true values of participating
agents. We must keep in mind that because none of the three benchmark algorithmsis
strategyproof, yet in our experiments we are intrinsically assuming truthful bidding by

giving the mechanism access to agents' true values, we expect the benchmark algorithms
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to give their best-case approximations. In general, the approximations of a non-strate-
gyproof mechanism in atruthful setting will be better than in a non-truthful setting,
because the search direction is guided by more “accurate” information. That is, agents are
not attempting to manipulate the mechanism by feeding it information that is false.
Because the search is directed by more accurate information, it is expected to perform bet-
ter; in essence this desire for accurate information is the primary reason that strategyproof-
ness is such a desirable property. Since we are comparing the consensus algorithm’s
performance to the best-case performance of the other algorithms, we are setting ahigh
standard for our algorithm.

Because our simulation tracks efficiency, it is necessary to cal cul ate the optimal
solution for any problem on which the algorithms are run; our code thus runs a mixed inte-

ger program which optimally solves the winner determination problem.

7.3 Inputsto Simulation

In addition to specifying which, if not all, of the four algorithms should berunin a
particular experiment, the user is able to specify problem types on which the algorithms
are run, fine-tune parameters that are fed to the algorithms, indicate distributions in which
agent valuation functions fall, and dictate halting conditions. All inputs fed to the smula-
tion are stored in input files. To ensure that the simulation could support different file for-
mats, all input datais parsed by a*“manager” program which sends input parametersto the

actual ssimulator. All datais output to files; the datafrom each algorithm is stored in a sep-
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aratefile, in adirectory specific to the experimental run. Table 7 in the appendix lists what

can be specified at run time.

7.4 How the Value of a Partition is Determined

For the directed hill climbing local search, random walk, and consensus algo-
rithms, we need to determine the values of partitions in each search step; to do this, it is
necessary to solve the linear program presented in Section 5.4. To solve this linear pro-
gram, we used the mixed integer programming functionality of CPLEX, acommercial lin-
ear program solver (http://www.cplex.com). We also used CPLEX to solve every auction
optimally; recall that we need to solve each auction optimally in order to determine the

efficiency of the allocations returned by the approximation algorithms.

7.5 Agent Valuation Functions

We abstractly think of the values an agent places on bundles as a valuation func-
tion; on input b, where b is abundle, an agent’ s valuation function will return O if the
agent is not interested in the bundle, or will return the value the agent holds for the bundle
if it isinterested. Our simulation needs to construct valuation functions for each agent.

The number of bundlesin which each agent isinterested is a parameter passed to
the simulator. The specific bundles in which each agent is interested, and the values that

each agent places on such bundles, are dependent on the chosen distribution. We employ
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the four distributions that Sandholm [ Sandholm, 1999] proposed as appropriate for run-

ning combinatorial auction experiments, alowing the user to specify mand a :

* Random For each bundle, pick the number of goods randomly from {1, 2, ..., m}.
Randomly choose that many goods. Pick the value of the bundle randomly from [0,1].

* Weighted random: Like random, but pick the value between 0 and the number of
goodsin the bundle.

* Uniform: Draw the same number of randomly chosen goods for each bundle. Pick the
value of each bundle from [0,1].

» Decay: Start off with one random good. Then repeatedly add a new random good with
probability a until agood is not added or the bundle includes all mgoods. Pick the
value of each bundle between 0 and the number of goods in the bundle.

We should note one subtlety inherent in constructing agent valuation functions. Care must

be taken to ensure that if an agent values a particular bundleb at valuev, al other bundles

inwhich itisinterested that are a superset of b (i.e. contain all the goods that b contains)
must have avalue of at leastv. Our simulator uses acombination of hash tables and lists of
linked lists to ensure that this constraint does not have too significant an impact on the per-

formance of valuation function construction.

7.6 Experimental Details

We define an instance of an auction to be a set of agents, goods, and valuation

functions, independent of the actual winner determination procedure that is run. In each
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trial run, the ssimulator begins by generating an auction instance, and then feeds this same
instance to each of the four winner determination agorithms; thus the algorithms are com-
pared on the same problems.

The ssimulator was written in C++ and run on a Windows X P Professional PC with
a2.52 GHz Pentium IV processor and 512 MB of RAM.

A tremendous amount of time was spent optimizing the mechanism code and the
code for each of the algorithms so that the experimental results would be as true to the
inherent characteristics of the algorithms as possible. A large amount of datais stored in
efficient lookup structures like hash tables and linked lists of arrays, and significant por-
tions of the simulator were rewritten several times to improve performance.

The simulator source code spans forty-four files, and due to its enormous sizeis
not included with this document. Interested parties may contact the author if they would

like access to the source.
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Chapter 8. Results

8.1 Introduction

Our goal in experimentally evaluating our mechanism was to compare the perfor-
mance of the consensus-based approximation mechanism to non-strategyproof anytime
approximation mechanisms that are also based on local search. As described in the previ-
ous chapter, the three other algorithms to which we compare ours are L P-based directed
hill-climbing, L P-based random-walk hill-climbing, and Casanova. We compared in five
problem sizes the performance of the four winner determination algorithms across the four

distributions. The five problem sizeswe chose are listed in Table 5.

Table5
Agents Goods Bundles distribution | Run Time
m (9
80 160 320 5 30
80 320 480 5 115
100 200 600 5 60
40 80 480 5 30
10 100 600 15 30

We attempted through this selection of problemsto cover a broad range of problem sizes:
auctions with lots of agents, ones with few agents, ones with lots of goods, ones with few
goods, ones with lots of bundles, and so on. The first four problems were ones chosen by
Parkes and Schoenebeck in their GrowRange paper [Parkes and Schoenebeck, 2004]. The

run time for each problem was chosen based on test results; whenever wefelt it was useful
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to expand our time window, we did so. Each of the problems was run separately on each
of the four valuation distributions. Unless stated otherwise, all datais for ten runs and we
usedar valueof 1.1 and aq value that was determined experimentally to be near-opti-
mal.

We also aimed in our experiments to evaluate intrinsic aspects of our approxima-

tion mechanism. We thus chose to show the effects that different r values have on effi-

ciency, the effect of varying q for agiven r , the factor across the four distributions by
which a single agent who bids maximally can unilaterally change the value of the optimal
alocation for a given problem size (to show what are appropriate values of r ), and how
the marginal effect of asingle agent isinfluenced by the number of agentsin the system.
We summarize some of the conclusions we derive from our experimental results:
The restrictions placed on the mechanism which allow it to be strategyproof with
high probability do not crippleits ability to provide high-quality approximations
quickly. We see thisis the case by observing our mechanism’s performance rela-
tive to the three non-strategyproof mechanisms on different problem sizes across
the four distributions.

We see that values of r which are suitable for many real-world domains are suffi-
ciently low to alow the entity running the mechanism to choose both high proba-
bility of strategyproofness and good approximation quality. We also examine the
robustness of our determination of an appropriate r value by showing how the

number of agentsin the system affects this value.
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° We see first-hand the trade-off between consensus probability and approximation
quality aswe observe how efficiency varieswith g.

° We observethat alower r doesindeed result in a better approximation.

° We seethat asr increases the optimal value of qfalls.

° We see that our theoretical observation that g = 0 results in random walk hill-

climbing and g = 1 results in random walk holds true experimentally.

8.2 Comparison with Other Local Search Algorithms

80 agents, 160 goods, 320 bundles

Figure 3 shows the relative efficiency over time of the four algorithms for prob-
lems with 80 agents, 160 goods, and 320 bundles. The results in the random and weighted
random distributions are fairly comparable. In both, at the end of the 30 seconds directed
hill-climbing has found an allocation with higher efficiency than the three other algo-
rithms. However, the results confirm that, as suggested by the Hoos and Boutilier paper,
Casanova at first does a better job than directed hill-climbing, only being surpassed by
hill-climbing after around 8 seconds. This result indicates that Casanovais better able than
directed hill-climbing to find a good approximation quickly. Random walk surprisingly is
able to outperform the other algorithms within the first few seconds, but improveslittle as
time progresses. The recorded performance of random walk suggests that its inherent ran-
domness allows for the quick discovery of abetter allocation than the others, becauseit is

able to jump in one step to a point on the hill, whereas the directed local searches must
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Figure 3: 80 agents, 160 goods, 320 bundles
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step-by-step climb the hill. Nevertheless, asthe results show, the lack of direction inherent
in random walk meansthat it is unable to benefit from the lucky jumpsit takes by continu-
ing up ahill on which it has found a good allocation; although its random nature allows it
to get “lucky” quickly, thisluck takes the algorithm only so far, for it is unable to use the
knowledge it acquired in guessing luckily to find a better neighboring partition.

What is most relevant to our discussion is the performance of the Consensus algo-
rithm. Surprisingly, in the random and weighted random distributions, the consensus algo-
rithm performs rather well relative to the non-strategyproof directed hill-climbing and

Casanova algorithms. In fact, in the random distribution, the Casanova and Consensus
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algorithms are essentially neck-and-neck. The fact that Consensus performs well relative
to Casanova and directed hill-climbing is surprising because these two, as aresult of their
ignorance of incentives, are able to “use” fully al of the information presented to them by
agent bids, whereas the consensus algorithm must throw out some of thisinformation. The
results thus favorably show that the fact that the consensus algorithm throws out some
information is not detrimental to its performance; the impact of this lesser amount of
information was the primary concern we had on the consensus algorithm’ s performance,
and therefore the results help alleviate some of our concerns.

The decay distribution produced results pretty similar to those of the random dis-
tribution.

The most striking results are in the uniform distribution. While the three non-strat-
egyproof algorithms consistently performed remarkably well, the consensus algorithm'’s
efficiency near .5 speaks to the high variability of its results across the individual auction
instances. It is easy to understand why the other three did well. In auniform distribution,
all bundles are of the same size. That meansthat, unlike in other distributions, no bundle’'s
valueisinherently tied to the value of a subset or superset bundle, for no bundleis a subset
of another. This means that the value of every bundle is completely random and indepen-
dent of the value of any other bundle. As aresult, the values of all partitions are indepen-
dent and uniformly distributed between [0, optimal value], and as aresult it would be
expected that directed hill-climbing local searcheswill act randomly, for in essence neigh-
bor values are truly random. It is thus unsurprising that directed hill climbing and

Casanova performed comparably to random walk hill-climbing. Random walk hill-climb-

Edward Naim 69



ing would be expected to perform well because the uniform distribution of partition val-
ues, coupled with the fact that there are many partitionswith 320 bundles of size 5 and 160
goods, means that there are many partitions with high values, and as aresult a random
walk will eventually stumble upon one of these iterations (in fact, within 10 iterations it
should be expected to find at least one partition with a value within .9 of optimal).
Because there are many iterations within one second of run time, and thus many partitions
are visited within a second, it is thus unsurprising that random walk (and directed hill-
climbing and Casanova, which are in this case reduced to random walk) consistently
found good partitions within a second. In the uniform case, though, consensus' sincentive-
compatible constraints are limiting, asillustrated by the results, for they prevent the con-
sensus a gorithm from reducing to random walk as in the directed hill-climbing and
Casanova. We noted before that as the value of q becomes 0 or 1, the consensus algo-
rithm’ s performance more closely matches that of random walk, for in these two cases the
consensus algorithm is explicitly forced to perform like random walk; however, we did
not graph its performance when g is near 0 or near 1 because we already know what the

results of these two cases would be and thus did not feel that they were interesting to

graph.

80 agents, 320 goods, 480 bundles
Figure 4 graphs the average performance of the four algorithms on problems with
80 agents, 320 goods, and 480 bundles. In the random, weighted random, uniform, and

decay distributions, the relative performance of the consensus, directed hill-climbing, and
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Figure 4: 80 agents, 320 goods, 480 bundles
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random walk algorithmsis similar to the performance in problems with 80 agents, 160
goods, and 320 bundles. However, Casanova.is not performing relatively aswell asin the
previous problem on the random, weighted random, and decay distributions, suggesting
that asthe number of goodsrisesrelative to the number of bundles, and thus as the number
of feasible partitions relative to the number of bundles rises (because a smaller percentage
of bundles overlap), Casanova s performance takes adip. It isimportant to note that these
algorithms take longer than in the previous problem to find partitions of comparable effi-
ciency, probably because of thisincreasein the number of feasible partitions. In general, a

larger search space means that on average a particular search algorithm will take longer to
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find a specific partition previous algorithms; in our domain, this meansit will take longer

to find a partition of high value.

100 agents, 200 goods, 600 bundles

Figure 5 shows the results of the four algorithms with 100 agents, 200 goods, and

600 bundles. In this problem, there are fewer goods relative to the number of bundles than

Figure 5: 100 agents, 200 goods, 600 bundles
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in the previous problems, which means that, compared to the previous problems, alarger

percentage of bundles overlap and hence there are a smaller number of partitions relative
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to the number of bundles. We notice in this case that all four of the algorithms have rela-
tive performance similar to that of the previous problems, but the absol ute performance of
all four falls, and the speed with which the hills are climbed in the consensus, directed hill
climbing, and Casanova algorithms falls; this observation makes sense because although
there are fewer partitions relative to the number of bundles, in absolute terms there are
more partitions than in the previous problems because there are significantly more bun-

dles, so we have alarger search space.

40 agents, 80 goods, 480 bundles

Figure 6 presents the average results of auctions containing 40 agents, 80 goods,
and 480 bundles. Among the four algorithms, we see relative performance similar to that
of thefirst two problems, but significantly better absolute performance for consensus, ran-
dom walk hill-climbing, and directed hill-climbing. Because the number of goods relative
to the number of bundlesis significantly smaller in this problem, the number of feasible
partitionsis also smaller, for agreater percentage of bundles overlap. Also, since the num-
ber of agentsisat least half of the number in the previous problems, the number of feasible
allocations for each partition is also smaller (meaning that the linear program that is
solved in each step takes less time, so the number of stepsfor agiven unit of timeislarger,
so the search processis quicker). Because the search processis quicker and thereisa
smaller space in which to search, it is not surprising that the algorithms have better abso-

lute performance, for they are able to more quickly find a particular partition.
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Figure 6: 40 agents, 80 goods, 480 bundles
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10 agents, 100 goods, 600 bundles

Figure 7 illustrates the average performance of the four algorithms on auctions
with 10 agents, 100 goods, and 600 bundles. The performance of the consensus algorithm
on auctions of thistypeisimportant because it is the auctions with a small number of
agents that can lead to drastic manipulations, for the small number means that each agent
has a high degree of power in altering value calculations. As shown, in all distributions
except for uniform, the consensus algorithm performs remarkably well. It should be noted

that the other three algorithms, because they are susceptible to manipulation, would in
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Figure 7: 10 agents, 100 goods, 600 bundles
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reality perform alot worsethan illustrated if a single agent decides to manipulate, because
if there are only ten agents participating, and hence a single agent can have a significant
impact on value calculations, a single agent can greatly alter the performance of a manipu-

lable algorithm.

8.3 Theeffect r hason efficiency

In our theoretical analysis chapter, we explained why asmaller value of r for a

given q produces better results, for as r risesfor a given g the consensus algorithm
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becomes less accurate, and this loss in accuracy can be thought of as areduction in the

information that is fed to the consensus algorithm to guide its search. To illustrate experi-
mentally what this|oss of information means, we ran the consensus algorithm for 45 sec-
onds on a problem consisting of 30 agents, 20 goods, and 600 bundlesforr =1.1and r =

1.6 with near-optimal q values. Figure 8 shows the average efficiency results over 40 runs.

Figure 8: Approximation quality for r =1.1and 1.6
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It is clear from the graph that an increasein r results in a decrease in the performance of

the consensus algorithm. We emphasize again that r isadomain property and not some-

thing that the mechanism can be designed for.
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8.4 Varying qfor aGiven r

Our theoretical section also discussed the effect that the value of g has, for agiven
r , on the performance of the consensus algorithm. We decided experimentally to examine
this effect. On a problem with 8 agents, 20 goods, and 40 bundles, we graphed how aver-
age efficiency after 3 secondsin 100 runsis affected as g moves from 0 to 1 in increments
of .05for r valuesof 1.05, 1.1, 1.25, 1.6, 2.0, and 3.0. Figure 9 shows the results, with a
polynomial trend line of degree 3 added to each graph. Based on the trend lines, we
graphed, in figure 10, the efficiency-maximizing value of g as r varies. We observe that

the optimal q value appearsto decrease as r increases. We notice also that varying g hasa

less drastic effect as r increases.

We may wonder why in the graphs of Figure 9 the efficiency at g = 0ishigher than
at g =1, for, according to the theoretical analysis, the consensus algorithm reduces to ran-
dom walk for both values. However, as also explained by our theoretical analysis, the rea-
son that the consensus algorithm is able to better perform with O probability of consensus
than with 1 isthat when g = 0 the algorithm is performing hill-climbing random walk,
whilewhen g = 1 it is performing a completely random walk. It is no surprise that hill-
climbing random walk performs better than non-hill-climbing random walk, since hill-
climbing returns the best partition seen across al iterations whereas non-hill-climbing
returns a completely random partition; for this reason the performance at q = O is better
than that at q = 1, confirming our theoretical analysis of which q value would result in a

more efficient mechanism.
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Figure9: Varyingqfor agiven r
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Figure 10: Efficiency-maximizing valueof qas r varies
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8.5 The Marginal Effect of an Agent

A Fixed Problem

In attempting to get a sense of appropriate r values for specific domains, it helps
to examine the marginal effect that a bidder who bids values that are the highest possible
in a particular domain can have on the calculated value of a partition. We attempted
through experimentation to get a sense of this marginal effect on a problem with 80
agents, 320 goods, and 400 bundles. In this set of experiments, we assigned all agents
except for agent 0 valuation functions according to the distribution in which the experi-
ment was run, and gave agent O for each bundle the maximum value allowed under that
distribution; for example, for arandom distribution avalue of 1 for every bundle, and for a
weighted random distribution a value for each bundle equal to the number of goodsin that

bundle. Over 100 runs for each distribution, we recorded the ratio of the value of arandom
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partition with agent O in the system to the value of the same partition without agent 0.
Table 6 lists the average, median, maximum, and minimum ratios encountered for each of

the distributions.

Table6
Average Median Max Min
Random 1.016183 1.016748 1.01831 1.009009
Weighted 1.015738 1.015197 1.028962 1.00347
Random
Uniform 1.002188 1.001322 1.009056 1
Decay 1.017999 1.015598 1.049795 1.010332

The results suggest that, for example, avalue of 1.1 for r in this problem is more than
realistic, for even the maximum factors by which a single agent can feasibly influence the

value of arandom partition are nowhere near 1.1.

Scaling the Number of Agents

We also wanted to get a sense of the maximum marginal effect that an agent, bidding
within the realm of feasible bids, can have as we scale the number of agents. Thus, for a
problem with 200 goods, we scaled the number of agents from 10 to 80 in increments of
10, adding 5 bundles for every agent added. Like before, our experiments assigned all
agents except for agent 0 valuation functions according to the distribution in which the
experiment was run, and gave agent O for each bundle the maximum value allowed under
that distribution. Our experiments calculated, over 100 runs per problem, the average ratio

of the value of arandom partition with agent O in the system to the value of the same par-
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tition without agent 0. The results for the random and weighted random distributions are

shown in Figure 11. The results show that, for example, with 80 agents in the random dis-

Figure 11: The marginal effect of an agent asthe number of agents scales
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tribution, agent 0 on average increases the calculated value of a partition by afactor less

than 1.02 of the value without agent O, suggesting that ar value of 1.1 is more than safe

for that particular problem. As expected, as the number of agentsfalls, the marginal effect

that agent O can have grows, for agent O’ s bids make up a greater fraction of the overall

value assigned to a partition as the number of agents decreases. Thus, for agiven problem,

as the number of agents increases, the minimum value of a suitable r decreases.
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Chapter 9: Conclusion

We have presented a | ocal-search-based approximation mechanism that is strate-
gyproof with high probability.

Prior to thiswork, two primary classes of approximation algorithms existed. The
first, based on local search, used local search’s power to provide quality approximations;
unfortunately, they were not strategyproof. The second were non-VCG mechanisms that
were strategyproof, but placed restrictions on agent preference domains that were quite
limiting. Thefirst had a major advantage over the second in that they were anytime. We
wanted to construct a mechanism that has the good approximation and anytime properties
of the first class, but with the strategyproofness that comes with the second class, but with-
out the limitations of the second class. We proposed such a mechanism, one that does not
have the second class' s restrictions on agent preferences, builds on the strengths of local-
search-based algorithms to provide quality anytime approximations, and is strategyproof.

Our Consensus mechanism is anytime and strategyproof with high probability, and
is able to have this strategyproof property while also using agent bids to guide the search
direction. Furthermore, our mechanism allows the entity running it to specify the probabil-
ity with which the mechanism is strategyproof, enabling the appropriate level of trade-off
between strategyproofness and efficiency to be specified at runtime.

We built arobust combinatorial auction environment to ensure that the modifica-
tions and constraints we added to basic local search through our use of consensus func-

tions were not too limiting from an efficiency viewpoint. Comparing our Consensus
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algorithm across several different problem sizes to three benchmark algorithms that
ignored incentives, we were quite pleased—almost surprised—by how well it performed
in spite of the restrictions we placed upon it. We also wanted to see experimental evidence
of how gqand r fit into the mix, and our results confirmed our theoretical analysis of the
trade-off between approximation quality and strategyproof probability, of the different fla-
vors of random walk local search that extreme values of g (near 0 and near 1) produce, and

of the importancein making r as small as possible. We also discovered experimentally

that values of r which are realistic for the distributions we considered allow our mecha-
nism to have both high strategyproof probability and high approximation quality.
All-in-all, we are pleased with the theoretical and experimental results of our con-
sensus mechanism. We are excited about what we have seen so far and would love to
explore the mechanism further, hoping most of al that the contributions we have made
will aid others in discovering more anytime strategyproof approximation algorithms that

quickly provide approximations of even higher quality.

Futurework

We are quite excited about our Consensus mechanism idea and about the theoreti-
cal and experimental results we have presented. We hope to continue exploring theideain
more depth on several fronts. Firstly, we would like to compare our mechanism to more
mechanisms based on non-strategyproof approximation algorithms, like tabu search, in

order to get an even better sense of how well the mechanism doesin relation to other non-
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strategyproof ones that have been proposed. Along the same lines, we would like to test
the Consensus mechanism experimentally on more problem sizes and distributionsin
order to make our benchmarking comparisons more robust.

We also would like to compare our mechanism experimentally to the performance

of GrowRange to determine on which bid distributions each is better suited.
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Appendix

Table 7: Inputsto Combinatorial Auction Environment

I nput

Description

num agents

The number of biddersin the system.

num_goods

The number of goods being sold in each auc-
tion.

bundl es_per _agent

The number of bundlesin which any one agent
isinterested in bidding.

num_nei ghbors

The number of neighbors to consider in each
round of alocal search (used in directed hill
climbing and consensus agorithms).

time_per_auction

The amount of time (in milliseconds) for
which each auction should run. If set to O, the
auction runs for as long as the optimal algo-
rithm took to solve.

num auctions

The number of auction instances that are run.

| p_type Thelinear program that is used. If set to 1, then
an agent can be awarded at most one bundlein
any allocation. If set to O, thereisno limit on
the number of bundles an agent can be allo-
cated.

rho_val ue

The r value used by the consensus algorithm.

consensus_pr

The g value used by the consensus algorithm.

wp

The wp value fed to casanova

np

The np value fed to casanova.

di stribution_type

If 1, then arandom distribution isused. If 2, a
weighted random. If 3, auniform. If 4, adecay.

di stribution_m

The value of mused in the distributions.

di stribution_al pha

Thevalue of a used in the decay distribution.
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Table 7: Inputsto Combinatorial Auction Environment

out put _i ncrenents

The increments, in seconds, for which the effi-
ciency of the current best allocation deter-
mined by agiven algorithm should be output to
afile. If set to 0, only outputs the datafrom a
algorithm after it has halted.

time_tracking

If set to 1, will write to afile the amount of
time for which optimal and the four other algo-
rithms ran.

consensus

If set to 1, the consensus algorithm will run.

directed_hill _clinmbing

If set to 1, the directed hill climbing algorithm
will run.

random wal k

If set to 1, random walk hill climbing will run.

casanova

If setto 1, casanovawill run.
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