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Chapter 1

Introduction
1.1

Overview

The Internet has seen the advent of personalized, context-sensitive advertising on a scale
never before seen. One of the most ubiquitous and powerful manifestations of this has been
sponsored search advertising, where advertisers pay for their advertisements to appear next
to specific keyword search terms in large search engines such as Google and Yahoo!. When
a user searches for a relevant keyword, she typically receives a page with her query results
in the middle, and a side bar or banner of “sponsored searches,” that is, advertisements
of companies that have paid to be associated with her keyword. For example, a user
searching for “laptop” on Google receives advertisements from Hewlett-Packard, Dell, Sony
and Toshiba along with the query results concerning the One Laptop per Child initiative and
Laptop magazine. Clicking on one of these advertisements redirects the user to a website
specified by the advertiser, whereupon the advertiser is charged a fee by the search engine.
This process allows advertisers fine grained targeting of their advertisement campaigns to
maximize exposure to relevant, interested potential customers and reduce pointless exposure
to uninterested viewers.
These advertisements have a high variability in value and desirability depending on the
position and placement of the advertisement, as one placed in a banner at the top of the
page is much more likely to be clicked on than the same ad appearing at the bottom of
the page. This makes the traditional Internet banner advertising sales model of setting
a fixed price per time shown (impression) unsuitable, as it requires the search engine or
provider to maintain a large and highly variable set of prices. Auctions have provided an
elegant method for price-setting and position allocation based on advertiser input. One of

4

CHAPTER 1. INTRODUCTION

5

the earliest and simplest methods used is a rank-by-bid mechanism, whereby advertisers are
ranked by their bids in decreasing order, with the highest bidding advertisement occupying
the highest and most desirable slot, the second highest bidder occupying the second slot,
etc.
More complex allocation mechanisms are currently used by most sponsored search providers.
In particular, there are a large number of allocation mechanisms which rely on the calculation of an advertisers “rank score”, typically the product of the advertiser’s bid and a proxy
value for its quality or relevance. The most straightforward of these mechanisms is to rank
advertisers by the product of their bid and their estimated click-through-rate (CTR), the
estimated probability that a given user who is shown the ad will click on it. Indeed, Google’s
AdSense auctions, in a more transparent incarnation, used precisely this mechanism [6].
The calculation and estimation of click-through-rates are difficult tasks, since the number
of clicks an advertisement receives depends both on the advertiser itself, as an advertisement
from Sony is (presumably) more likely to be clicked on than an advertisement from SketchyComputers.com, and on the position in which the advertisement is placed. All else equal,
an advertisement placed in a desirable top slot will receive more clicks than in a lower slot,
increasing the amount of information gained about the advertisement and amplifying its
effect on net revenue. and With no prior information about advertisers, for example, with a
new keyword suddenly becoming relevant for advertisers (e.g. new marketing strategy, new
product launch, etc.), a sponsored search provider is forced to quickly learn about the CTRs
of the advertisers who submit bids. This can be done through simple deterministic methods
such as rotating advertisements through the top slot for some period of time, so that all
advertisements are given some maximal exposure, and estimating the CTR based on how
many clicks are received in that time period. However, at the same time, the sponsored
search provider wants to maximize revenue. This is the classic exploration/exploitation
trade-off, as advertisers need to both learn about the advertiser specific CTR and maintain
desirable revenue properties.
We attempt to balance these two important goals by exploring a game theoretic model for
sponsored search auctions and applying a value of information based metareasoning process
in order to rationally decide how to adaptively set auction parameters to concomitantly learn
about advertiser click-through-rates and maintain high revenue. The agents are advertisers,
each with different per-click valuation, who submit bids to appear in an array of sponsored
searches, with the top slot in the array most desirable for an advertiser, and slots decreasing
in desirability as they appear further down the page. We focus on a simple and elegant family
of mechanisms explored by Lahaie and Pennock that weight advertiser bids by a “squashed
click-through-rate estimate,” that is, an estimated CTR raised to some exponent. This
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allows the auction to place variable weights on the importance of CTRs and to set a number
of different allocations without drastically changing the rules and equilibria of the auction.
While allowing the sponsored search provider greater flexibility in choosing allocations,
Lahaie and Pennock further note that this family of mechanisms is also important because
it is often the case that the revenue maximizing allocation is neither rank-by-bid or rankby-revenue, but rather some intermediate mechanism [14]. We are able to characterize
equilibrium advertiser behavior by following Varian and Edelman, Ostrovsky and Schwarz
in investigating a specific subset of the Nash equilibria of the auction game called symmetric
Nash equilibria or locally envy-free equilibria [24, 6]. These equilibria allow us to calculate
equilibrium bids and most importantly, equilibrium expected revenue, which will prove to
be a critical component of the algorithms we consider, as it allows algorithms to reason
meaningfully about current and future revenue streams.
With the ability to calculate expected equilibrium in hand, we extend the single-period
advertisement auction to a multiple stage setting, where each time period the provider sets
and publishes a squashing factor, advertisers bid their equilibrium bids and revenue and
information is received according to the resulting allocation. We then apply a decision
theoretic metareasoning process in order to optimally learn about how to adaptively set
auction parameters to refine click-through-rate estimates and maintain high revenue. By
metareasoning, we mean an algorithm utilizing value of information calculations to evaluate
the attractiveness of a set of potential actions (in this case, squashing factors and allocations)
based not only on their current period expected revenue, but also on the effect of the
information that they will accrue on future revenue.
We adapt the metareasoning framework presented by Russell and Wefald to the multistage sponsored search auction setting [20]. This process involves careful consideration of the
information properties of the sponsored search domain, as information gathering (computational) and actions in the “real world” (external) are not decoupled as they traditionally
are in metadeliberation problems. Comparing the revenue performance and information
gathering capabilities of our metareasoning algorithm to heuristic greedy exploitation and
exploration algorithms allows us to begin to understand the power and potential of value
of information metareasoning for sponsored search auctions.

1.2

Motivation

Keyword advertising using the basic sponsored search model is an already highly valuable
and still rapidly growing source of revenue for the Internet advertising industry. Edelman
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estimates that in 2005, over 98 percent of Google’s $6.14 billion revenue was from AdWords,
its implementation of sponsored search [6]. While Google dominates the sponsored search
industry, sponsored search auctions contributed over half of Yahoo!’s $5.26 billion in 2005
revenue. The industry is still growing with new entrants ranging from giants such as Microsoft to small firms carving out niches with new auction rules or advertisement placement
transparency such as Quigo technologies [23].
Central to the efforts of these new entrants and to the efforts of current leaders Google
and Yahoo! to maintain their dominance are novel and more effective allocation mechanisms,
optimizing both auctioneer revenue and efficient advertisement allocation. An important
aspect of this will be the allocation of advertisements for novel keywords when little is
known about the associated advertisers. Google currently addresses this problem by using
their search relevance score as (essentially) a prior estimate of at least the relative ordering
of click-through-rates. As the revenue-maximizing allocations require accurate estimates
of click-through-rates, the process of quickly and effectively refining information will allow
the sponsored search provider to more readily adapt to and provide the best allocation
mechanisms for novel keywords. Being the best provider of sponsored search for a valuable
new keyword can secure advertiser participation in the most important and dynamic part
of a keywords relevant advertising life, when advertisers are both willing to pay the most
and users are most likely to click on these advertisements.
Direct application potential aside, the unique and elegant auction mechanisms used in the
sale of sponsored search provide an interesting case study on the adoption of market-based
tools in a growing and dynamic industry. Alongside well known applications of mechanism design such as FCC radio spectrum auctions and Roth’s medical residency matching
process, sponsored search auctions represent a triumph of economically inspired design.
Understanding the theoretic basis for the effectiveness of sponsored search auctions and the
characteristics of the application environment can inform the development of market-based
mechanisms for myriad other applications and industries.
Finally, the adaptation of a metareasoning process to this environment, which has a
unique and complex informational structure is extremely interesting in its own right [20].
Combining lessons from value of information and decision-theoretic reasoning and well
known problems such as the multi-armed bandit problem, we are able to use a wide array of research and results to inform our understanding of metareasoning in a novel domain
[1, 12, 3, 2]. This work is a compelling study in applying metareasoning to a domain
whose informational structure entails a number of complications in value of information
calculations, the resolution of which informs the general applicability of metareasoning to
environments with complicated and highly interrelated information structures.
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Primary Contributions

The primary technical contribution of this work is the adaptation and application of a value
of information based metareasoning process to rationally deliberate about how to adaptively
set allocation mechanisms in sponsored search auctions. Using a game theoretic framework,
we adapt the traditional principles of metareasoning, which generally rely on a very specific
and often restrictive set of assumptions, to the peculiarities of the sponsored search setting.
By carefully considering the way in which a sponsored search advertiser learns from a
set of clicks and impressions, we adapt a framework which traditionally views exploration
and exploitation as completely decoupled to a domain in which they are powerfully and
inextricably interwound.
Empirically, we demonstrate the benefits in increased revenue achievable through value
of information based metareasoning, and characterize the performance of the algorithm
in comparison to heuristic benchmark algorithms. In addition, we begin to understand
the effect of changing a number of of parameters on the performance of the algorithm.
Finally, we discuss the application potential and some promising extensions to the realistic
faithfulness and performance of our models and algorithms.

1.4

Outline

Chapter 2 provides a history of Internet advertising, and presents the game theoretic framework with which we analyze sponsored search auctions, and within which our algorithms
will operate. Drawing primarily from work done by Varian, Edelman et al., and Lahaie and
Pennock, it develops to requisite tools for analyzing a multi-stage sponsored search auction game [24, 6, 14]. Chapter 2 additionally presents the two heuristic algorithms, myopic
revenue maximization and variance based exploration which will serve as benchmarks for
the value of information based metareasoning algorithm. Chapter 4 presents the metareasoning principles of Russell and Wefald, and adapts them for the unique information
landscape and action types of the sponsored search game [20]. It also presents our value of
information calculations and the metareasoning algorithm itself. Chapter 5 presents performance results, comparing the revenue performance of the metareasoning algorithm to
myopic revenue-maximization, and comparing its information gathering power to variance
based greedy exploration. Chapter 5 also investigates the performance of the algorithms
under a varying set of tunable parameters. Finally, chapter 6 concludes by discussing future work, possible extensions and the application potential of metareasoning to real world
sponsored search auctions.

Chapter 2

Sponsored Search and Internet
Advertising
Our understanding of sponsored search auction mechanisms begins with understanding the
unique history and technological trajectory of Internet advertising. Drawing inspiration
from successively more refined advertising systems, we present a game theoretic model
based on the work of Varian, Edelman and Lahaie and Pennock for the sponsored search
auction, and characterize the equilibrium bidding behavior of advertisers, which allows us
to calculate expected revenue for a given allocation [24, 6, 14]. This ability to characterize
equilibrium revenue properties will prove critical to the algorithms we develop in the next
chapter for deliberating in the multi-stage sponsored search auction problem.

2.1

Online Advertising

By 2004, Internet advertising was a $9.6 billion industry, eclipsing such advertising stalwarts
as outdoor billboard and banner advertising, and comprising some 80% of the magazine
advertisment industry and over 50% of the radio advertisement industry. In addition,
Internet research providers DoubleClick and Nielsen//Netratings have calculated that the
growth rate of internet advertising is 31.5% annually, more than three times the growth
rate of television advertising and almost five times the growth rate of U.S. GDP [4].
The history of online advertising is one of trial and error and rapid change. In little
more than 10 years, Internet advertising has evolved from simple, contract-based advertising mechanisms that are simply the online analogue to traditional ad media to dynamic
and unique allocation systems that allow online advertising to provide significantly more
9
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relevant, targeted and effective advertising than other methods. Edelman notes that the evolution of market mechanisms in Internet advertising is especially dynamic when compared
to other notable market mechanisms such as FCC radio spectrum auctions and medical
residency matching programs due to high competitive pressure, negligible or low barriers to
entry, low cost of experimentation and dynamic and adaptable technology [6].
Current methods for online advertising are of particular interest not only for their economic and industrial impact, but also as a case study on the adoption and evolution of
market mechanisms in a very real and valuable setting. Modern dynamic methods of sponsored search advertising are a testament to the elegance and power of auction mechanisms
that allow for the efficient and relevant pricing and display of advertisements. While understanding these auctions is interesting solely from a mechanism design perspective, the rapid
growth and increasing importance of online advertising necessitates such an understanding
in order to effectively design and analyze the performance of the next generation of Internet
advertising tools.

2.1.1

History

In order to understand the current state of Internet advertising and the industry landscape
in which sponsored search ad auctions occupy a central role, and to better anticipate future
trajectories and applications of online marketing, it is instructive to examine the history of
Internet advertising.
The earliest and still most ubiquitous online advertising mechanism is banner ads, displayed in eye-catching locations on websites. Banner advertisements are the online analogue
to traditional ad media such as fixed billboards. HotWired, WebConnect and NetScape pioneered most of these efforts in 1994, cooperating with large company advertisers such as
AT&T, MCI, Sprint and Volvo to display banner ads on their web portal [21]. These advertisements were typically negotiated in large, static contracts, and advertisers were charged
each time their banner was shown (per impression). The high barriers to entry associated
with contract negotiation and partnerships with large companies meant that new entrants
were slow, even with negligible technological barriers. Banner ads began to evolve in smarter
ways with companies such as Focalink Communications introducing basic context-sensitive
banner advertising, in order to begin to attempt to focus the torrent of online advertising
toward prospective customers [21].
The banner advertising model was the only and remains the dominant advertising model
today, although the simple image or text ads of 1994 have been largely replaced with Flash
and large or moving image banners. In 2007, according to Nielsen//NetRatings, banner
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advertising in its various incarnations commanded over 80% of the Internet advertising
market [16]. In high growth advertising sectors such as consumer and retail goods, however,
sponsored search has begun to overtake banners as the dominant online advertising tool.
The effectiveness of consumer goods advertisements in particular is greatly enhanced when
placed in a relevant context, which sponsored search provides more directly and effectively
than other methods.
The first incarnation of the context sensitive sponsored search type of online advertising
was in 1997 by GoTo, later becoming Overture and acquired by Yahoo. Overture introduced
several novel ideas that would become critically important to modern Internet advertising.
• Context Sensitivity – By associating advertisements with keywords for the first time,
Overture offered advertisers the chance to be exposed to users at least tangentially
interested in their product, increasing the effectiveness of their advertisements by
properly situating them in a potentially valuable environment.
• Pay Per Click – Rather than charging advertisers per fixed number of showings or
impressions (1000 was the typical lot number), Overture began to charge advertisers
per click. This allowed advertisers to pay only when they had accrued some benefit
from the advertisement, and was prized by advertisers as a way to maximize the
effectiveness of marketing.
• Auction Mechanism – Overture utilized a “generalized” first price auction for the sale
of their advertising slots. The highest bidding advertiser would be placed in the most
prominent and desirable position with the other advertisers arrayed by decreasing bid
in the balance of the slots. Each time an advertisers ad was clicked on, they would
be charged their most recent bid.

2.1.2

Keyword advertising – Yahoo’s Overture and Google’s AdWords

The “generalized” first price auction mechanism used by Overture bears closer examination,
as its weaknesses informed the development of the auction mechanisms used today. The
first price auction is highly unstable, due to ability and utility of rational advertisers to
rapidly and repeatedly change their bids. The following example illustrates this.
Example 1. Consider an auction with two slots, the top slot recieving twice the number of
clicks of the bottom, and three advertisers with advertiser A having value $1 per click, B, $2
and C, $3. If, in order ensure that he obtains a position, advertiser B bids $1.01, ensuring
that A will never enter, then C’s best response is to bid $1.02. But then it is in B’s best
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interest to bid $1.03. This cycle continues until C bids $2, at which point B’s best response
is to return to bidding $1.01, and this process repeats.
This instability led many advertisers to develop automated bidding agents which would
quickly and repeatedly refine bids in order to quickly change advertisement placements. Not
only is this socially inefficient, as agents waste computational power and effort in designing
and deploying bidding robots, but as Edelman demonstrates, in the case where agents have
unequal computational power or response lag time, the process of repeated bid changes
results in decreased revenue for the sponsored search provider when agents cannot properly
or quickly respond to inefficient bids. In addition, McAdams argues that the costs incurred
by advertisers in developing these bidding agents are directly reflected in decreased bids,
resulting further in decreased revenue for the provider [15].
The undesirable volatility of prices and inefficiency of allocations in the generalized first
price auction led Google to introduce a different mechanism with its advertising system
AdWords. AdWords implements a second price auction over multiple positions, which
Edelman calls a “generalized second price” (GSP) auction, so that each advertiser, when
his ad receives a click, pays the bid of the advertiser appearing directly below him. This
generalizes the standard second price auction in the sense that a GSP auction for one slot
is precisely a second price auction. This mechanism is informed by the observation that in
a generalized first price auction, if an advertiser in slot s does not want to switch slots, then
he would like to minimize his payment while maintaining his position – thus his optimal bid
would be whatever the advertiser in slot s + 1 bids, plus a marginal amount. GSP ensures
that no matter the actual bid, the payment of an advertiser is this optimal amount.
By setting advertiser payments equal to the bid of the advertiser appearing one slot lower,
the mechanism decouples an advertisers own bid, which determines his placement, and his
payment, which will always be the allocation preserving minimum bid of the generalized
first price auction. This results in more stable prices, as an advertiser unilaterally changing
his bid while maintaining his current slot does not affect his payment.
Example 2. Continuing the example from above, we see that if all agents bid truthfully,
advertiser A appears in slot 1 paying $2, the bid of advertiser B, who appears in slot 2,
paying $1, the bid of advertiser C. Advertiser C cannot benefit from changing her bid,
because any bid lower than $1 will result in her continued exclusion, and any bid above $1
will result in negative profits. Advertiser B cannot benefit from changing his bid, because
any bid lower than $1 will result in his exclusion from the auction and 0 profits, and any
bid above $2 will result in negative profits, and any bid in the range $1 - $2 will not change
his allocation. Advertiser A cannot benefit from changing her bid since any bid above $2
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will not change her position, and any bid below $2 but above $1 will result in her moving
down one slot and recieving half as many clicks, while making less than double the profits
per click. Thus, bidding true valuations is an equilibrium of the generalized second price
auction in this example. Note that this is not generally the case, but the structure of click
differences in the slots has resulted in an equilibrium. It is clear, however, that the second
price mechanism results in more stable prices due to the fact that an interval of bids will
result in the same slot allocation.
Edelman notes that GSP is structurally similar to a Vickrey auction, but the characteristics and properties of the auction are very different. Importantly, unlike the closed-bid
second price auction, truthful revelation is not generally an equilibrium, nor is there usually
a dominant strategy solution [6]. Yahoo! also adopted the generalized second price auction
mechanism, and both Yahoo! and Google use some form of GSP in the current incarnations
of their sponsored search advertising.

2.2

Position Auction Game Theory

A more formal game theoretic examination of the properties of the generalized second price
auction mechanism for sponsored search sharpens our understanding of the equilibrium
properties of the auction, and allows us to characterize expected equilibrium revenue. Varian
and Edelman, Ostrovsky and Schwarz independently analyze the game theoretic properties
of these algorithms and arrive at similar results, although with different goals in mind [24, 6].
We primarily follow the exposition of Varian in this work, as it has an appealing ground
up construction and derivation of equilibrium advertiser behavior. We additionally follow
the work of Lahaie and Pennock, who extend the work of Varian to allow for arbitrary
weighting of agent bids [14].
We formally model the sponsored search auction as a n-player game whereby k advertising slots are allocated to n advertisers. Advertisers with quasi-linear utility want to
maximize their revenue, which is a product of the clicks they receive and the per click profit.
Say advertiser s appears in slot s, renumbering if necessary. Then his payoff for obtaining
these clicks at price p per click is
us (p) = zs (vs − p)

(2.1)

We assume that the observed click-through-rate zs = es xs is a separable combination of
advertiser effect es , which captures how likely a user who views an advertisement will click
it, and xs , the position effect measuring how desirable the slot that the advertisement
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appears in is. Note that when we refer to an advertiser’s click-through-rate, we mean
specifically the advertiser es , which is independent of slot or allocation, rather than the
observed click-through-rate.
We are working towards the characterization of equilibrium advertiser behavior and
revenue. We begin by examining the two most intuitive and currently most commonly
implemented auction mechanisms, which will inform the understanding of the more general
squashing factor family of auction allocation rules studied by Lahaie and Pennock [14].
Following Varian and Edelman et al., we then explore the Nash equilibrium conditions, and
then focus on a subset of these equilibria, the symmetric or locally envy-free equilibria,
which allow us to derive bounds on equilibrium bids and revenue [24, 6]. Understanding
advertiser equilibrium behavior allows us to focus on the decision-making of the sponsored
search provider and to take the behavior of advertisers as fixed and exogenously given.

2.2.1

Rank-by-Bid and Rank-by-Revenue

The GSP mechanism presented in section 2.1.2 is typically known as a rank-by-bid mechanism, as advertisers are allocated positions based on decreasing order of bids. The auction
system used by Google has a further wrinkle which distinguishes it from the standard
GSP setting. Rather than simply ordering advertisers by bid, Google adjusts their bid by
weighting by a relevance score, which captures both the quality of the advertisement and
the likelihood that it will be clicked on. In the case where this score is exactly the probability that the advertisement will be clicked on, conditional on it appearing in a given slot
(so that the weight of all advertisements is calibrated to a common metric), this mechanism
orders advertisers in decreasing order of expected revenue to the sponsored search provider.
Examining these two early forms of actual sponsored search position auctions and their
game theoretic properties with a more formal treatment will inform the understanding of
general sponsored search auctions.
In the Yahoo/Overture generalized second price auction, advertisers submit bids b1 , · · · , bn ,
and are allocated slots in decreasing bid order, and pay the bid of the advertiser that appears one slot lower. As an example, with n = 5 bidders, k = 4 slots, and b1 > b2 > · · · > b5 ,
we have the following rank-by-bid allocation
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Position

Value

Bid

Price

Position Effect

Advertiser Payoff

1
2
3
4
5

v1
v2
v3
v4
v5

b1
b2
b3
b4
b5

b2
b3
b4
b5
0

x1
x1
x1
x1
0

e1 x1 (v1 − b2 )
e2 x2 (v2 − b3 )
e3 x3 (v3 − b4 )
e4 x4 (v4 − b5 )
0
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This allocation scheme is optimal for the auctioneer when value and advertiser effect
are highly correlated. For example, in searches for products with high brand awareness,
large brands are likely to both be willing to pay more and have higher probability of being
clicked on. If, however, V and E are uncorrelated or negatively correlated, this scheme
performs poorly, as advertisers with high value are placed higher, but are clicked on less
often, resulting in lower revenue.
In earlier, more transparent versions of Google’s AdWords, bids are ranked by score
es vs or the relative ranks of expected revenue [6]. The rank-by-revenue allocation scheme
attempts to address some of the shortcomings of the rank-by-bid scheme, and allocates to
maximize expected revenue. In this scheme, advertisers pay the least price necessary for
their rank to remain unchanged. That is, advertiser s pays according to
es bs = es+1 bs+1 ⇒ ps =

es+1
bs+1
es

(2.2)

Current implementations of AdWords remain true to the spirit of the rank-by-revenue
mechanism, although rather than maintaining a transparent estimate of click-through-rates,
AdWords now uses the relevancy rankings and algorithms of Google Search to proxy the
estimated click-through-rate.

2.2.2

Equilibria of the Sponsored Search Auction

Rank-by-bid and rank-by-revenue are two special cases of the more general allocation mechanism which we explore here. Lahaie and Pennock noted that these two allocation schemes
can be generalized by introducing an advertiser-specific weight ws on bids [14]. Following
their work, we primarily consider weights that are “squashed” click-through-rate estimates,
that is, of the form eγs so that advertisers are ranked by eγs vs . Rank-by-bid has γ = 0,
where click-through-rates are maximally squashed so that they have no effect, and rankby-revenue has γ = 1, where click-through-rates have maximal effect on determining the
allocation. Advertiser s again pays the bid necessary to remain in position s, that is,
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ps =

es+1
es
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γ
bs+1

(2.3)

These prices reduce in the rank-by-bid
 case with γ = 0 to ps = bs+1 and in the rank-by
es+1
revenue case with γ = 1 to ps = es bs+1 , consistent with our earlier definitions.
The complete information equilibria of the sponsored search auction can be understood
by examining the equilibria of the corresponding simultaneous move game of complete
information1 . Advertiser s sets a bid to maximize utility us = (vs − ps )xs es . Note that, in
comparing the utility of appearing in slot s against the utility of appearing in slot t, the
advertiser effect es appears in both utility functions, and can thus be cancelled out.
In a Nash equilibrium, no advertiser wishes to switch out of his current position either
by trading up or trading down. Since an advertisers payment and utility changes only if
he alters his bid significantly enough to change the allocation, swapping slots is the only
way in which an advertiser can potentially deviate in this game. Suppose we have the
allocation presented above with γ = 0 so we are using the rank-by-bid allocation scheme.
If the advertiser in position 3 decides to move up a slot, he sets b3 > b2 , and then pays b2
per click. If he decides to move down a slot, he sets b3 < b4 and pays b5 per click. Note
that when swapping up to slot t, bids are determined according to current bt , but when
swapping down to slot t, bids are determined according to current bt−1 . This results in the
following price structure and equilibrium from Varian [24]:

γ
 et+1 bt+1
e
pst =  sγ
 et b
t
es

for s ≤ t
(2.4)
for s > t

When t = s (i.e. in the equilibrium allocation where all advertisers occupy their respectively numbered slot) we will drop the second subscript and refer to the equilibrium price
pss simply as ps .
Definition 2.2.1. A Nash equilibrium in the sponsored search allocation game is a set of
bids B = {b1 , · · · , bn } and associated prices P = {p1 , · · · , pn } that satisfies, for all agents s

1

(vs − ps )xs ≥ (vs − pst )xt for slots t > s

(2.5)

(vs − ps )xs ≥ (vs − ps(t−1) )xt for slots t < s

(2.6)

Although Varian argues that the complete information assumption is not unreasonable in this setting
due to the transparency of bidding and auction mechanisms, the analysis here extends naturally to an
incomplete information case with Bayesian Nash equilibria [24]
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Clearly, there are a large range of bids that are Nash equilibria, since marginal bid
changes do not directly change allocations or personal utility. In the example above, any
bid b3 ∈ (b4 , b2 ) does not change the allocation or payments of advertiser 3, and is thus part
of some supporting set of Nash equilibrium bids. In general, the set of supporting bids can
be found through a linear program.

2.2.3

Symmetric Nash or locally envy-free equilibria

Varian introduces the concept of the symmetric Nash equilibrium in order to simplify the
set of supporting bids, and to make more tractable the analysis of the position auction [24].
Symmetric Nash equilibria admit a concise characterization of equilibrium advertiser bids,
and thus allow us to calculate equilibrium expected revenue.
Definition 2.2.2. A symmetric Nash equilibrium is a set of bids B = {b1 , · · · , bn } and
associated prices P = {p1 , · · · , pn } such that
(vs − ps )xs ≥ (vs − pst )xt for all s and t

(2.7)

vs (xs − xt ) ≥ ps xs − pst xt for all s and t

(2.8)

Equivalently,

Since only the inequalties for t < s change from the definition of Nash equilibrium to
symmetric Nash equilibrium, we see that the primary difference is in the properties of the
bid made by an agent who is pushed out of his slot by another agent trading up.
Following Varian, we first verify that the set of symmetric Nash equilibria are indeed a
subset of the Nash equilibria. This confirms the suitability of the symmetric equilibrium
solution concept as the basis for a plausible set of advertiser behaviors.
Proposition 3. If a set of bids B and associated prices P satisfies the symmetric Nash
equilibrium conditions, then it satisfies the Nash equilibrium conditions.
Proof. Consider advertiser s and t = k + 1 in the SNE conditions. Then
(vs − ps )xs ≥ (vk+1 − ps(k+1) )xk+1
but since k + 1 is an excluded bidder, xk+1 = 0, thus vs ≥ ps . Then, we use 2.8, the
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alternative form of the SNE inequality to obtain
vs (xs − xs−1 ) ≥ ps xs − ps−1 xs1
ps−1 xs−1 ≥ ps xs + vs (xs−1 − xs )
≥ ps xs + ps (xs−1 − xs )
= ps xs−1
This demonstrates price monotonicity in a symmetric Nash equilibrium, ps−1 > ps for
all slots s. Then, it is easy to see that the SNE inequality
(vs − ps )xs ≥ (vs − pst )
implies
(vs − ps )xs ≥ (vs − ps(t−1) )

The particularly relevant property of symmetric equilibria that makes for more tractable
analysis of the position auction is the fact that one needs only check one position up and
one position down from s to verify that the inequalities hold for all s. This allows us to
solve for bounds on equilibrium bids with a simple recursive solution, rather than the linear
programming solution necessary for general Nash equilibria. The following propositions
extend Varian’s proof to allow for weighted bids, as described in Lahaie and Pennock [24, 14].
Lemma 4. In a symmetric Nash equilibrium, agents are ordered according to the weighted
scoring mechanism, that is, in order of decreasing eγs vs .
Proof. Consider advertisers and slots s and t. In equilibrium, each prefers her own slot to
the other
vs (xs − xt ) ≥ ps xs − pst xt
vt (xt − xs ) ≥ pt xt − pts xs
we can rewrite the inequality for s as follows




et+1 γ
es+1 γ
bs+1 xs −
bt+1 xt
vs (xs − xt ) ≥
es
es
eγs vs (xs − xt ) ≥ eγs+1 bs+1 xs − eγt+1 bt+1 xt
Similarly, the inequality for t can be rewritten as
eγt vt (xt − xs ) ≥ eγt+1 bt+1 xt − eγs+1 bs+1 xs
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Adding these two inequalities gives
(eγs vs − eγt vt )(xs − xt ) ≥ 0
showing that xs and xt are ordered the same way as eγs vs and eγt vt .
Proposition 5. If bid set B = {b1 , · · · , bn } satisfies the symmetric Nash equilibrium inequalties for slots s − 1 and s and s and s + 1, then it satisfies them for all t 6= s. Without
loss of generality, let s = 2 so that s − 1 = 1 and s + 1 = 3.
Proof. The SNE inequalities are
v1 (x1 − x2 ) ≥ p1 x1 − p12 x2
v2 (x2 − x3 ) ≥ p2 x2 − p23 x3
 γ
By proposition 4, eγ1 v1 > eγ2 v2 ⇒ ee21 v1 > v2 . Then we can rewrite the second inequality
as



e1
e2

γ
v1 (x2 − x3 ) ≥ p2 x2 − p31 x3
 γ

 γ  γ
e3
e4
e2
b3 x2 −
b4 x3
v1 (x2 − x3 ) ≥
e1
e2
e2
 γ
 γ
e3
e4
v1 (x2 − x3 ) ≥
b3 x2 −
b4 x3
e1
e1

Rewriting the first inequality as

v1 (x1 − x2 ) ≥

e2
e1

γ


b2 x1 −

e3
e1

γ
b3 x2

and adding the two inequalities, we obtain
 γ
 γ
e4
e2
v1 (x1 − x3 ) ≥
b2 x1 −
b4 x3
e1
e1
or
v1 (x1 − x3 ) ≥ p1 x1 − p13 x3
demonstrating that the SNE inequality for swapping down holds for 1 and 3. The proof for
swapping up from 3 to 1 is similar. This demonstrates the transitivity of the SNE inequality
conditions, and shows that verifying s − 1 and s + 1 is sufficient for demonstrating that the
inequalities hold for all s.
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Equilibrium bids and prices

We can now explicitly solve for equilibrium prices and bids by considering the symmetric
decision of s and s − 1. Since s does not not want to swap up to slot s − 1 in a SNE,


 γ
es+1 γ
es
xs (vs −
bs+1 ) ≥ xs−1 (vs −
bs )
es
es
xs (vs eγs − eγs+1 bs+1 ) ≥ xs−1 (vs eγs − eγs bs )
xs−1 eγs bs ≥ eγs vs (xs−1 − xs ) + xs eγs+1 bs+1
Since s − 1 also does not want to swap down to slot s,
xs−1 (eγs−1 vs−1 − eγs bs ) ≥ xs (vs−1 eγs−1 − eγs+1 bs+1
xs−1 eγs bs ≤ eγs−1 vs−1 (xs−1 − xs ) + xs eγs+1 bs+1
We can combine these inequalities to bound the possible values for the bid of advertiser
s, bs in a symmetric Nash equilibrium.
eγs vs (xs−1 − xs ) + xs eγs+1 bs+1 ≤ xs−1 eγs bs ≤ eγs−1 vs−1 (xs−1 − xs ) + xs eγs+1 bs+1

(2.9)

We can find a symmetric Nash equilibrium set of bids by recursively finding a sequence
that satisfies the inequalities 2.9.

2.2.5

Lower Recursive Solutions

Of particular interest are the boundary conditions of advertiser bids, of which the lower
bound is most directly relevant. We can solve for a closed form solution, bids bL for the
lower recursive solutions
γ
γ
γ
bL
s xs−1 es = es vs (xs−1 − xs ) + xs es+1 bs+1

(2.10)

by noting the base case of the recursion occurs at the first excluded bidder. Since there are
k slots, xs = 0 for s > k. The lower bound for s = k + 1 gives us
γ
γ
γ
bL
k+1 xk ek+1 = ek+1 vk+1 (xk − xk+1 ) + xk+1 ek+2 bk+2

= eγk+1 vk+1 xk
⇒ bL
k+1 = vk+1
The reasoning for this is the same as in the standard Vickrey auction. For the first excluded
bidder, it is optimal to bid her value because bidding lower will not change her payments,
and if, for some reason, a higher bidder leaves, she will make a profit. We then obtain:
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γ
bL
s xs−1 es =

X

vt eγt (xt−1 − xt )
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(2.11)

t≥s

Varian notes that the lower recursive solution is particularly compelling because it captures the following simple yet intuitive behavioral strategy [24]: If I am in position s what
is the optimal bid to set so that if I happen to exceed the bid above me bs−1 by a marginal
amount I will make at least as much profit as I do now? We find that solving for this
optimal bid is precisely the lower recusion:

(vs eγs − eγs+1 bs+1 )xs ≥ (vs es − es+1 b∗s )xs−1
b∗s xs−1 es = eγs vs (xs−1 − xs ) + xs eγs+1 bs+1

2.2.6

Symmetric Nash equilibrium Revenue

Using the lower bounds on bids
above, we can calculate total advertiser revenue.
 derived
γ
es+1
Recalling that agent s pays
, we first multiply equation 2.11 by es /eγs to obtain
es
xs−1 es bL
s , estimated revenue for each agent. We then sum over all slots s = 1 · · · k to obtain
total equilibrium revenue:

L

R =

k X
k  γ
X
et
s=1 t=s

es

vt es (xt−1 − xt )

(2.12)

The ability to estimate total equilibrium revenue will prove crucial in our analysis of
meta-deliberation and learning in sponsored search.

Chapter 3

Repeated Position Auctions and
Heuristic Algorithms
Armed with a characterization of equilibrium advertiser behavior and revenue, we can now
extend the sponsored search auction game to a multi-period model. This will allow our
algorithms to make inter-temporal decisions, accepting lower current revenue in favor of
better information and higher future revenue. We first present the details of the multiperiod model, and then present two heuristic algorithms which attempt to naively solve,
respectively and separately, the exploration and exploitation problems.

3.1

Repeated sponsored search auctions

The sponsored search auction is not a one-shot auction. Generally, a given allocation will
persist for some fixed number of hours, days, weeks, etc., and then the auction will be
repeated, and a new allocation will be implemented. We thus extend the sponsored seach
auction to a multi-period game. This extension will allow for meaningful intertemporal
decision-making, and is an environment where metareasoning and the value of information
become important.

3.1.1

Multi-period sponsored search auctions

The multi-period sponsored search auction model proceeds as follows: In each time period,
the auctioneer chooses a squashing factor γ, which, in combination with CTR estimates Ê
and advertisers’ equilibrium bidding behavior, gives an allocation. We assume throughout

22
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that the advertisers bid according to the lower recursive solution of the symmetric Nash
equilibrium presented above. Advertisements receive impressions according to this allocation, with the top advertisement receiving some set amount of effective impressions, and
advertisements in lower slots receiving a discounted amount of effective impressions. The
auctioneer receives both revenue and information from the auction, with each click providing both revenue and a sample for CTR estimates. The following outline summarizes the
multi-period model of the sponsored search auction.
1. Using current estimates of click-through-rates Êt , based on number of clicks and
effective impressions observed in time periods 1 · · · t − 1, the auctioneer chooses a
squashing factor γ
2. Advertisers bid according to the equilibrium behavior specified in the lower recursive
solution of the symmetric Nash equilibrium
3. From advertisers’ weighted bids and click-through-rate estimates, the auctioneer sets
an allocation
4. Advertisers receive impressions based on the allocation, and auctioneer receives revenue and uses the actual numbers of clicks accrued by each ad to refine next-period
CTR estimate Êt+1
The relationship and potential trade-off between information and revenue becomes clear
here. The advertisement that is placed in the top slot will receive the largest number of
effective impressions, offering the most information and allowing the auctioneer to learn
most effectively about the true click-through-rate. However, this is not necessarily, and
indeed, is unlikely to be the revenue maximizing allocation.

3.1.2

Click-through-rate Estimation

Ex ante, the sponsored search provider has no information about the true click-through-rates
of each advertiser. Thus, the auctioneer must estimate CTRs according to the number of
clicks and impressions he observes for each advertisement. The provider starts off with very
naive symmetric prior estimates for the true click-through-rates E of the advertisers and
maintains estimates Ê of the advertisers’ click-through-rates by tallying the total number
of clicks received and the total number of effective impressions.
Impressions in a sponsored search auction are markedly different from impressions in
banner advertising, as all showings are not equal in the sponsored search setting. Effective
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impressions attempts to capture in the count of impressions the effect of appearing in a
more or less desirable position. If the relevant keyword was searched for 100 times, then all
advertisements appearing in the sponsored search auction have 100 technical impressions.
However, only the advertisement in the top slot will receive the full amount of effective
impressions - the advertisements appearing in lower slots will receive only some fraction of
the number of technical applications. One can think of this as only a certain percentage
of users will even look at ads appearing in lower positions, but all will at least look at
the top ad. We thus factor in the effect of the position an advertisement appears in into
the estimates of that advertisements click-through-rate. This allows CTR estimates to
purely reflect the advertiser effect, and to be independent of the positions in which that
advertisement appeared in the past. We thus maintain counts ct of clicks and it of effective
impressions as the provider’s estimates of advertiser click-through-rates.

3.2

Myopic revenue maximization

The first of the heuristic algorithms we consider is a greedy revenue maximizing algorithm
that calculates expected revenue with respect to current CTR estimates for a number of
alternative squashing factors and chooses the squashing factor and associated allocation
with the highest expected revenue. The utility of the squashing factor family of mechanisms
becomes clear when we consider that, although rank-by-bid and rank-by-revenue are perhaps
the most intuitive and simple of the ranking mechanisms, they do not necessarily maximize
revenue. Although rank-by-revenue results in more efficient allocations, in that advertisers
are ordered according to their expected contribution to total revenue, weighting bids, and
thus payments by click-through-rate also decreases the amount of revenue obtained by the
auction. Conversely, while rank-by-bid maximizes payments, it often results in suboptimal
allocations. There is often some intermediate squashing factor which maximizes expected
revenue that balances allocative efficiency with maximizing revenue [14].
We have already noted above that with highly correlated value and click-through-rate,
rank-by-bid is optimal, as weighting by click-through-rate in any form is redundant, and
serves only to decrease the amount of revenue. Similarly, in highly negatively correlated
cases, rank-by-revenue becomes optimal, as it becomes difficult to meaningfully rank advertisements otherwise. However, for non-correlated or incompletely correlated cases, there is
often an intermediate squashing factor that is optimal. Lahaie and Pennock note that by
varying the correlation of advertiser value and click-through-rates, we can observe this phenomenon in effect [14]. Figure 3.1 replicates their results, and shows normalized expected
revenue vs. squashing factor γ for differing Spearman correlations (-1, 0, 1) between value
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Figure 3.1: Expected Revenue vs. Squashing Factor for differing Spearman correlations ρs
and click-through-rate.
Greedy revenue maximization is a process of choosing the optimal squashing factor γ,
conditional on current click-through-rate estimates and advertiser value. The myopic algorithm that we present here chooses the squashing factor that maximizes expected revenue,
conditional on current CTR estimates. This is a multi-step process:
1. Identify potential squashing factors, a candidate set of different allocations.
2. Simulate expected revenue for each of these squashing factors with uncertain clickthrough-rate estimates. Since our click-through-rate estimates are uncertain, noisy
estimates, we maintain a model of knowledge uncertainty, and use a Monte-Carlo
method to simulate the uncertainty.
3. Choose squashing factor with highest average simulated expected revenue. This is our
myopic expected revenue maximizing squashing factor and allocation.
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3.2.1

Identifying potential squashing factors

We can create a set of potential squashing factors Γ by calculating the pairwise swap
squashing factors at which two advertisers will switch positions, and then identifying which
of these are associated with a allocative shift in the full game.
Consider two advertisers with private values v1 , v2 and CTR e1 , e2 . The squashing factor
γ at which these two advertisers switch positions satisfies
eγ1 v1 = eγ2 v2 ⇒ γlog(e1 ) + log(v1 ) = γlog(e2 ) + log(v2 ) ⇒ γ =

log(v2 /v1 )
log(e1 /e2 )

swap
Thus, for any two advertisers s and t, we can calculate their swap gamma γst
=
For advertisers 1...n, the matrix of swap gammas


swap
swap
0
γ12
· · · γ1n
 swap
swap 
0
· · · γ2n
 γ21

swap


Γ
= .

.
 .

swap
swap
γn1
γn2
···

log(vt /vs )
log(es /et ) .

0

gives us all possible gammas where a shift in allocations can occur. We can then constrain
the entries in Γswap to be within [γmin , γmax ]. Most frequently, γmin = 0 and γmax = 1,
since this gives the logical border cases of rank-by-bid (γ = 0) and rank-by-revenue (γ = 1).
We then determine the allocations of the position auction using each of these squashing
swap
factors and our current CTR estimates. This associates each squashing factor γij
with
an allocation Aij . Most of these allocations are not unique. Suppose without loss of
swap
generality for illustrative purposes that there are allocations A1 , · · · , An with γij
resulting
in allocation Ai for all j. We select the minimum and maximum squashing factors that
result in each allocation as our candidate set of squashing factors Γ. That is, (with swap
superscript suppressed):
Γ = {γ1a , γ1b , γ2a , γ2b , · · · , γna , γnb }

(3.1)

where γia = min{γi1 , · · · γin } and γib = max{γi1 , · · · γin } for all i.

3.2.2

Revenue Simulation with Uncertain CTRs

With a set of of alternative squashing factors Γ, we can begin to reason about the expected
revenue of setting these squashing factors and associated allocations. Since our estimates of
CTRs are noisy and uncertain, our estimates of expected revenue will be correspondingly
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uncertain. We ensure that we properly reason about expected revenue by explicitly modeling
the uncertainty of our knowledge, and by using simulation to evaluate potential uncertain
outcomes.
We model the uncertainty of our knowledge of the true click-through-rate as a normal
distribution. It is important to note that this does not mean we believe the true CTR
is distributed normally. Rather, it means that we view the knowledge we have obtained
provides a normally distributed uncertain estimate of the true CTR. This characterization of
uncertainty is consistent with work done on refining uncertain estimates through sampling
from various distributions [27]. The CTR estimate for each advertiser s is composed of a
number of impressions is and a number of clicks cs . Our knowledge of the true CTR is thus
modeled as a random variable distributed N (µˆs , SEs ) where mean µˆs = ciss and standard
error
s
cs (1 − µˆs )2 + (is − cs )µˆs 2
SEs =
(is − 1)is
√
This is the standard definition of standard error (σ̂/ n) of a sample drawn from a population with estimated standard deviation σ̂ where the input vector is binary. We thus refine
estimates of click-through-rates by receiving more impressions and more clicks, increasing
the sample size and reducing the standard error.
We use a Monte-Carlo simulation to evaluate the possible revenue from our estimated
CTRs. For a large number of steps, we draw for each advertiser s a simulated CTR esim
s
from the N (µˆs , SEs ) distribution, and calculate the expected revenue for each set of clickthrough-rates with respect to this set of CTR estimates. The mean over the repeated
simulations of the revenue for each squashing factor gives us simulated expected revenue
with uncertain CTRs.
The myopic algorithm then simply chooses the squashing factor γ 0 with the highest
simulated expected revenue, and executes the corresponding allocation.
This process for simulating the uncertainty allows for some degree of exploration and
dynamism even in the myopic algorithm. When the estimate for a specific click-throughrate is highly noisy, that is, it has a high standard error, there is a large range of possible
values that it can take on in the simulation, and it can affect expected revenue in significant ways. This allows the algorithm to reason about what it does not know by repeatedly
drawing a possible information state from the spectrum of uncertain information states it
can be in. Advertisements for which we know very little, for which we have received a
comparatively small number of effective impressions and thus high standard error are likely
to significantly affect this process. Since negative click-through-rates are meaningless and

CHAPTER 3. REPEATED POSITION AUCTIONS AND HEURISTIC ALGORITHMS28

zero click-through-rates are highly unlikely, simulation click-through-rates are constrained
to be positive. This amounts to a upward bias in simulated click-through-rates, particularly
for advertisements with noisy estimates. This correspondingly results in an upward bias in
their simulated score and a higher ranking, resulting in the algorithm learning more about
advertisements about which it knows very little. Since this amounts to a net upward shift in
click-through-rates, this is also generally associated with increased simulated expected revenue, so that even in a myopically exploiting case, there is some impetus toward exploration
and refining estimates of particularly uncertain or noisy CTRs.
By employing a formal model for uncertainty, the role of sampling to explore and reduce
uncertainty becomes clear. Each effective impression an advertisement receives increases the
sample size of its CTR estimates and hence both refines its estimate in reality, by bringing
the mean CTR estimate closer to the true CTR, and reduces its standard error, reducing the
uncertainty in the model. Since the number of total effective impressions is the same each
time period the provider, by choosing an allocation chooses, within the constraints of the
squashing factor allocation mechanisms, which advertisers receive which number of effective
impressions. One can think of the learning process as the provider holding a certain number
of “information tokens” and distributing them among the advertisers to learn about their
click-through-rates.

3.2.3

Weaknesses of myopic revenue maximization

It is clear to see that with accurate CTR estimates, the estimates of expected revenue are
likely to be correspondingly accurate, and the myopic algorithm executes optimal behavior,
as it maximizes expected revenue. In this situation, where we have reached an information
state where no additional information will materially change our beliefs and actions, the
myopic policy is optimal. However, in most situations, incorrect CTR estimates will lead
to incorrect and suboptimal squashing factor choices and allocations. In addition, these
allocations are self-perpetuating, as they result in little to no exploration on alternative
choices, so that suboptimal behavior is both unacknowledge and unremedied.
The following example illustrates the weakness of myopic algorithm due to lost opportunities from slow learning. When click-through-rate estimates are low for high value
advertisers, the myopic algorithm will place these advertisements in lower slots, resulting
not only in lost revenue due to inefficient allocation, but also compounding the problem by
resulting in slow refinement of these incorrect estimates due to low information gains from
lower slots.
Example 6. Consider a two slot, three advertiser sponsored search auction, with the top
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slot having position effect x1 = 1 and the bottom x2 = 0.5 so that the top slot receives twice
as many clicks as the bottom. Let E = {0.25, 0.5, 0.75} and V = { $0.25,$0.50, $0.75 } but
let the estimated CTR for the third advertisement be inaccurate, and in particular, lower
than the true CTR: Ê = {0.25, 0.5, 0.1}. Then, consider Γ = {0, 1}. From equation 2.12
we have equilibrium revenue calculations

R[0, E] = 0.1937 > 0.1125 = R[1, E]
R[0, Ê] = 0.08 < 0.1125 = R[1, Ê]
In this case, the myopic algorithm will repeatedly set γ = 1, and the allocation [2 3
1]. This places the third advertisement, which has the highest value but most uncertain
estimate, in the lower slot, whereas the optimal allocation with γ = 0 would be [3 2 1]. The
greedily chosen squashing factor and allocation receives both lower revenue, and exacerbates
the information problem by placing the third advertisement in a position where it is receiving
very few effective impressions and thus its estimate is only very slowly being refined.
Due to the lackluster learning speed of the myopic algorithm, it can often find itself mired
in a situation where it is consistently setting suboptimal allocations, but is not refining
information sufficiently quickly to address its incorrect valuations.

3.3

Variance Based Exploration

At the other end of the spectrum of algorithms balancing exploration and exploitation are
algorithms that exclusively explore. There are a large number of ways to explore, including
entirely random exploration, targeted search and uncertainty minimization methods. We
will focus on the latter of these in developing an algorithm that explores by attempting to
greedily minimize standard error on click-through-rate estimates.
Recall from section 3.2.2 that we model the uncertainty of our knowledge about clickthrough-rates as normal, with mean the clicks to effective impressions ratio, and variance
√
the usual standard error. Specifically, the standard error σ/ n is reduced primarily by
increasing the sample size, or in this case, the number of effective impressions an advertisement has received. As n tends to infinity and each advertisement becomes shown an
arbitrarily large number of times, the standard error of these estimates tends to 0 and we
have beliefs and estimates free of uncertainty (but that certainly still may be incorrect).
A simple and intuitive exploration algorithm can aim to reduce knowledge uncertainty
each time period by greedily allocating the maximal number of effective impressions or
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samples to the advertisement with the highest standard error. In the “knowledge token”
view, this is the natural strategy of allocating as much learning or exploration effort as
possible to the advertisement about which the least is known.
Each time period, the variance based exploration algorithm takes the following steps
1. Construct potential squashing factor set Γ as in the myopic algorithm (described in
section 3.2.1)
2. Calculate, for each advertisement, the standard error of the estimated click through
rate as described in section 3.2.2, and select the advertisement s with the highest
standard error, i.e. s such that SEs = maxi (SEi ) for i = 1, · · · , n.
3. Calculate, for each squashing factor, the associated allocation, and determine the
number of effective impressions that will be allocated to advertisement s in that
allocation
4. Choose the squashing factor that maximizes the number of effective impressions allocated to s
We see that this is essentially the exploration-maximizing analogous algorithm to the myopic revenue-maximization algorithm: rather than maximize expected revenue, we greedily
maximize the number of effective impressions given to the advertisement about which the
least is known.

3.3.1

Squashing factor intervals and possible allocations

The variance based exploration algorithm highlights a property of our formulation of sponsored search auctions that is relevant to all the algorithms we consider, but is of particular
note here because we are very concerned with where a single advertisement, specifically,
the one with highest standard error, appears. The squashing factor mechanism is elegant
and general and admits an extremely clear and precise game theoretic characterization of
equilibrium behavior, but it does not allow arbitrary allocations, or even the ability to tune
allocations with some degree of specificity. It is generally the case that changing γ will
result in a number of different shifts in the allocation.
This is of particular concern in the variance based exploration algorithm because there
exist cases where it is literally impossible, given the current estimates of click-throughrates, to set any squashing factor within some predetermined interval that allows a specific
advertisement to appear at all. Put more concretely, it may be that for all γ ∈ [0, 1], the
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interval that we typically consider, the scoring mechanism places a given advertisement in
places n − k to n, that is, outside of the displayed slots.
This naturally leads us to consider expanding the possible squashing factor interval we
consider. [0, 1] is the most natural interval, as it is bounded by the two most common
scoring mechanisms, rank-by-bid and rank-by-revenue, but there is no technical reason why
this interval cannot be arbitrary, or indeed, why an interval is necessary at all. It is certainly
possible to simply consider all of the possible swap squashing factors calculated in 3.2.1 and
to allow all of these to be potentially used by the algorithm. Even without restriction to
an interval, there are not an infinite number of possible squashing factors to consider – the
n2 swap squashing factors are the only ones where a shift in allocation can occur, and any
squashing factors outside of the extrema of this set will simply result in the same allocation
as the extrema.
In addition to providing inspiration for the consideration of wider potential squashing
factor intervals, the variance based exploration algorithm offers a comparative tool for analyzing speed of convergence of click-through-rate estimates. As a simple, intuitive heuristic
for greedy exploration, it serves as a foil for the myopic revenue-maximizing algorithm, and
thus allows for a bounding of the behavior and performance of the metareasoning algorithms
by two greedy algorithms which each separately care about exploration or exploitation.
The setting and benchmarks for our value of information based metareasoning process
will be this multi-stage sponsored search auction and the heuristic greedy exploration and
exploitation policies.

Chapter 4

Metareasoning and Value of
Information
Metareasoning is a general principle whose goal is, as expressed by Russell and Wefald, to
“provide a basis for selecting and justifying computational actions” [20]. It is thus a tool
within the framework of bounded-rationality decision theory used to measure the benefit
and cost of computation, and to analyze and formulate optimal computational policies. In
an uncertain world, where the outcome of actions are unknown, we rely on probability theory
and decision theory to inform rational decision-making. In the sponsored search setting,
metareasoning is concerned primarily with the evaluation of the information properties
associated with a given allocation and their effect on equilibrium revenue. The auctioneer
is faced with the problem of learning about advertiser-specific properties in order to make
more accurate and profitable allocations.
Our metareasoning process draws on the calculation of the value of the information
gained by setting a specific squashing factor. Since the allocation and distribution of information about click-through-rates is different for each squashing factor, future information
states (i.e. CTR estimates) depend greatly on the sequence of allocations selected. This
leads us to the natural definition of value of information as the increased future revenue
due to more accurate CTR estimates and correspondingly more optimal squashing factor
selections and allocations. Our algorithm estimates value of information by simulation into
the future, comparing the expected revenue of a default squashing factor with the optimal
squashing factor selected with future information. We draw the greater part of our inspiration from the work of Russell and Wefald, but take particular care to adapt their principles
to the unique information structure of sponsored search auctions.
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Metareasoning principles

Russell and Wefald provide the framework for the construction of a metareasoning system capable of rational evaluation of computation, information and utility [20]. The key
principles on which this system rests are the following:
1. Computational or information gathering actions are actions, and are thus to be evaluated as such, that is, according to their expected utility
2. The utility of a computational action or the value of information gained comes from
the revision of intended actions based on changed information states.
These principles express the idea that by refining knowledge of the world, computation
and information gathering cause the agent to choose a different, more beneficial course of
action, thus increasing agent utility. The value of computation, or the expected utility gain
that can be attributed to computation is the difference in agent utility from taking a new
course of action versus a default course of action.
The classic metalevel decision problem is framed as follows. At any given point in time,
an agent is faced with the following decision - either take external action α0 = arg max
(α1 , · · · , αn ) deemed to have the highest utility in the current information state, or take
one of C1 , · · · , Ck computational actions. This distinction between a computational action
which affects only an agent’s internal knowledge state and not the world at large except
through computational costs (passage of time, for example), and external actions, which
impact the real world, is an important one. It allows the metalevel decision-making process
to entirely disentagle the value of information and real utility gained from interaction with
the external environment. After a computational action Cj is taken, a new (possibly but
not necessarily different) optimal external action αj∗ is recommended.
Following Russell and Wefald’s principle that the utility of a computation resides in its
effect on the agent’s choice of best action, the general form of the net utility of a computation
Cj is [20]:
V (Cj ) = U (Cj ) − U (α0 )
(4.1)
This is the first and basic value of information calculation that will be successively
refined for use in our algorithms. Note that we still have not defined the utility of a
computation, only its value in comparison to current default action. In addition, note that
these calculations are with reference to true utility.
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Complete and partial computations

There is an important distinction arising between complete and partial computations. A
complete computation is one where recommended action αj must be taken after the computation, whereas a partial computation does not result in a binding commitment. The
utility calculation for a complete computation is thus simple: it is the difference in utility
from new recommended action αj∗ , given that we took computation Cj , and current default
best action.
V (Cj ) = U (αj , Cj ) − U (α0 )

(4.2)

For partial computations, the final external action is uncertain, and may not depend
directly on the computational action Cj taken. Thus the utility of computation Cj cannot
be expressed solely in terms of αj∗ . Calculation of its estimated value must range over all
possible paths of completing the computation and arriving at an external action. Letting
C10 , C20 , · · · represent the possible complete computations following partial computation Cj ,
and let α10 , α20 , · · · be the associated optimal actions, and P( Si0 ) be the probability of performing complete computation Ci0 , we arrive at the following characterization of the value
of a partial computation Cj .
V (Cj ) =

X

P (Ci0 )U (αi0 , Cj · Ci0 ) − U (α0 , C0 )

(4.3)

i

Where we take Cj · Ci0 to mean the computation Cj followed by the computation Ci0 .
Russell and Wefald, and the tradition decision theory framework combine these equations
into the following optimal metareasoning algorithm [20].
1. while maxi (V (Ci )) > 0: take computational action Ci such that Ci maximizes V (Ci )

2. take external action αi recommended by the sequence of computational actions taken
in step 1. That is, take external action with highest expected utility with respect to
the internal information state resulting from the computations taken.
This simple algorithm captures the essential goal of decision theory information gathering: obtain information and data through computational actions until their cost outweights
their benefit, that is, when their net utility is no longer positive, and perform the best action
after that.
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Utility estimation in metareasoning

The above framework is useful for reasoning about a fully rational agent or omniscient external observer. In particular, it assumes the agent has access to the true utility function U ,
which is generally either unknowable or uncomputable for an agent with limited rationality.
We can reformulate the equations from above using utility estimates Û which are calculated
estimations of true utility with respect to the internal computational state. Let Û C represent the estimate of utility after sequence of computations C. Then, when considering the
value of information of computational action Sj , at a time after sequence of computations
C, equation 4.1 becomes
V̂ (Cj ) = Û C·Cj (Cj ) − Û C·Cj (α0 )

(4.4)

For complete computations, we have only that the utility of action αj∗ is replaced by the
estimated utility, so that equation 4.2 becomes
V̂ (Cj ) = Û C·Cj (αj∗ , Cj ) − Û C·Cj (α0 )

(4.5)

For partial computations, we now can relax the assumption that the agent will optimally
complete the computation, and can formulate the following net value for a partial computation, which assumes that the agent maximizes percieved or estimated utility when she
chooses to act1 :
V̂ (Cj ) =

X

P̂ C·Cj (Ci ) maxi Û C·Cj ·Ci (αi∗ , Cj · Ci ) − Û C·Cj (α∗ )

(4.6)

i

When considering whether to take computational action Cj , the agent does not have
access to the ex post utility estimates Û C·Cj . Thus, it must rely on statistical knowledge
gained from previous draws from its distribution in other time periods to estimate its expectation. We can thus view V̂ as a random variable, whose expectation is, in the continuous
case, calculated as an integral or approximated through a Monte Carlo simulation, or, in
the case of discrete outcomes, through a summation. When we take computational action
Cj , call u = {u1 , · · · , un } the new utility estimates for external actions α1 , · · · , αn and
call pj (u) the joint distribution of the external actions over their new utility estimates.
Recalling that, after computation Cj is complete, the highest perceived utility action will
1

Russell and Wefald note that this is far more plausible than the assumption that the agent acts optimally
with respect to true utility. Rather than assuming a fully rational agent, this assumes only that the agent
maximizes expected revenue with respect to beliefs[20].
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be recommended, we have the following representations, the relevant forms of the value of
information characterization from Russell and Wefald [20].

E[V̂ (Cj )] = E[Û C·Cj (Cj )] − Û C·Cj (α0 )
Z
Z ∞
E[V̂ (Cj )] =
max(u)pj (u)du −
upαj (u)du
u

(4.7)
(4.8)

−∞

This equation captures the idea that the expected value of a computation lies in the
expected increase in revenue from the new optimal action in the possible new information
states over the default optimal action. This final equation will be the form of the net utility
estimates that our agent maintains in order to perform rational metareasoning about its
computational options and external actions. The key characteristics of this equation arise
from the shift from true to estimated utility, and from ex post realization of a random
variable to ex ante expectation outlined in the above sequence of equations.

4.2.1

Related work in metareasoning

Work in metareasoning and decision theory can trace its roots to the seminal work of von
Neumann and Morgenstern on expected utility theory [26]. The principal tenet of von Neumann’s work, the maximum expected utility principle, holds that perfectly rational agents
always act to maximize their expected utility. Since expected utility is made in reference
to agent beliefs, this principle does not require omniscience about the actual probability of
events, but requires that the agent act in agreement with its internal beliefs about these
probabilities. Von Neumann-Morgenstern rationality has seen widespread application in
economics and related fields, forming the basis for much of game theory, mechanism design,
and other agent based systems and analysis. However, real economic actors are limited by
finite computational capacity and finite computational time, meaning that rarely, if ever,
are they able to make fully rational decisions.
These shortcomings were pointed out by Simon as an explanation for the patently irrational behavior of real agents [22]. Simon proposed that the behavior of agents and
individuals in real economic situations was largely determined by unsufficient information
and reasoning power, and the corresponding inability to maximize expected utilty according to the decision-theoretic framework. Simon is usually credited with coining the term
“bounded rationality,” and pioneering the study of problems in which the cost and value
of computation was critical. Closely related was the work of Good, where he delinates
the difference between classical, perfect, or “type I” rationality, and “type II” rationality,
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where an agent maximizes net utility net of computational costs [8]. In a more modern
conception, Russell characterizes a type II rational agent as one that after deliberating and
acting, has maximized its subjective utility compared to all other deliberation/action pairs
. According to Russell’s interpretation of Good’s work, type II rationality is intended to
provide a mechanism by which optimal computational sequences could be calculated and
recommended. Thus, it is a first incarnation of a metareasoning process - reasoning about
reasoning and computation - designed to formally and systematically analyze the value and
impact of computation [19].
Metareasoning based on the value of information, was largely pioneered by Howard in
his 1966 work “Information Value Theory” which attempts to ascribe economic value to the
reduction of uncertainty [11]. He introduces the critical idea that the value of information
in reducing the uncertainty of outcomes depends on both the probabilistic impact of refined
outcome possibilities and the economic impact of refined estimates of outcome utility. Most
of modern metareasoning is based on this characterization of value of information. Reasoning about computation proceeds through reasoning about a computatational action’s
economic impact in reducing uncertainty and refining perception of the future.
A central area of focus for these algorithms and metareasoning has been the time-sensitive
decision-making of expert recommender systems. This domain is particularly well suited
to apply the principles of metareasoning - there is generally a clear distinction between
computational actions and external actions, there is a well defined and evaluable utility
function, and there is a natural cost of computation. Heckerman’s Pathfinder, for example,
is an expert system that aids in the diagnosis of lymph-node diseases, and relies on decisiontheoretic tools for reasoning about the cost in patient well-being of making an immediate
recommendation or continuing to perform diagnostic tests [10, 9].
In work more closely related to the sponsored search domain, Russell and Wefald successfully apply metareasoning as a search control algorithm in the more traditional computer
science setting of competitive games. They demonstrate significant improved efficiency
using their metareasoning framework over traditional search methods such as alpha-beta
pruning [20]. Boddy and Dean successfully apply metareasoning to a robot control setting,
demonstrating near-optimal control that is far more computationally inexpensive than more
complete decision-theoretic reasoning. The term that Boddy uses to characterize his algorithms are “expectation-driven iterative refinement” which neatly captures the relevant
principles of metareasoning [5, 3].
A second line of related work on metareasoning and the exploration/exploitation tradeoff has been the multi-armed bandit problem, where a gambler must choose among a series
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of K arms of a slot machine, whose associated reward is drawn from a distribution that he
is uncertain about. Choosing an arm advances the internal state of the arm and possibly
changes its reward distribution, while the states of all other arms remain unchanged.
Gittins and Jones presented a dynamic allocation index for computing the value of each
arm in the multi-armed bandit problem, that reduces the problem to a series of onedimensional stopping problems [7]. When the distribution of rewards behind each arm
are known, the calculation of the Gittins indices allows for the construction of an optimal
policy. In addition, Katehakis demonstrated that the calculation of the Gittins indices
is analogous to the well-known “restart-in-i” Markov decision process problem, and thus
traditional MDP policy solution and approximations methods can be used to solve or approximate optimal policies for bandit problems in this domain [13]. Under uncertainty
about reward distributions, however, there have been a large array of algorithms proposed
to address the explore/exploit tradeoff of multi-armed bandit problem. These include greedy methods, which are variants on myopic revenue maximizing with small probability
of random exploration, probability matching algorithms, which ascribe a probability to each
arm depending on its likelihood to be optimal, and reward interval estimation algorithms
[25]. The mechanics of interval estimation algorithms are very similar to the uncertainty
simulation mechanism we utilize in simulating expected revenue, in that actions which have
been taken less often and about which there is more uncertainty are ascribed higher values
and are thus more likely to be explored [12].
The multi-agent bandit problem was first formally described by Robbins, and has since
been used to model a number of real world problems such as pharmaceutical clinical trials
and adaptive routing mechanisms [17, 25]. Katehakis describes the problem in the context
of project scheduling, where each time period, a project manager observes the current
progression of a number of projects and allocates resources to advance the state of a project,
both gaining information about that project and reward from the project itself [13]. In
addition, bandit models have been successfully applied to market learning in industrial
organization, buyer/seller matching in experience goods markets, and venture funding in
corporate finance and asset pricing models [18, 2]. The bandit model is useful for its
simplicity and decomposability, while remaining robust and powerful enough to be applied
to problems of sufficient realism and applicability to be interesting.
We will draw on lessons from both work in traditional decision-theoretic metareasoning
and from the exploration/exploitation tradeoff in multi-armed bandit problems in constructing an effective approach toward rational metareasoning in the sponsored search setting.

CHAPTER 4. METAREASONING AND VALUE OF INFORMATION

4.3

39

Metareasoning in sponsored search

There are a number of peculiarities of the sponsored search domain that distinguish it from
both expert recommender systems and the multi-armed bandit problem. While metareasoning remains useful and powerful, this colors its application to this domain with a unique
flavor and introduces a number of different problems requiring careful consideration and
treatment.

4.3.1

Information richness and scarcity

Primary among the concerns in applying metareasoning to the sponsored search setting is
the lack of a clear, or indeed, any delineation between computational and external actions.
The fact that all actions accrue some knowledge makes extremely important the careful
consideration of the informational landscape of the environment. Since the metareasoning
process is no longer a binary distinction between reward-recieving, zero-information external actions and zero-reward, information gathering computations, the myopic exploitation
policy is concomitantly and inadvertently exploring. In an environment where the decisionmaker receives a large amount of information from the environment regardless of the action
taken, there will be little benefit to metareasoning. There must be a sufficiently large potential gap in information received by the optimally exploring policy and the optimally
exploiting policy in order to meaningful delineate the usefulness of information accrued by
different actions.
The sponsored search setting offers a very natural and effective way to tune the amount of
information gained each time period. Since the uncertainty of click-through-rate estimates
is tied directly to the number of effective impressions an advertisement receives, tuning
the total number of effective impressions received per time period amounts to tuning the
information richness of the environment. While the absolute amount of information gained
will decrease for all actions, the relative amount of information gained will become more
important. This is intuitively equivalent to varying the number of “information tokens,”
thus varying the amount of information the provider can gather each time period.
Typically, we will operate in a moderately information-scarce setting, as this will allow
the metareasoning process to meaningfully trade off information and current-period revenue. We can think of an information-scarce environment as the sponsored search provider
setting an allocation that persists for a number of hours or half a day, rather than a longer
time period. In addition, since the position effects are normalized so that the top slot receives 100% of the literal impressions as effective impressions, setting a low number for the
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number of effective impressions per time period can also be interpreted as downweighting
the percentage of technical impressions received as effective ones. In other words, this also
captures the idea that that not even appearing in the top slot will guarantee that everyone
will even look at an advertisement.

4.3.2

Sponsored search and the Multi-Armed bandit problem

The informational properties described above bear some similarity to the multi-armed bandit setting, where activing a given arm provides both information about its underlying distribution of rewards and also the reward itself. The bandit setting thus also does not have
a meaningful distinction between computational actions and external actions. However,
the literature on the MAB problem takes into account the concept of value of information
in a number of different ways. These methods range from indirect, such as the greedy
overvaluation of interval estimation algorithms and the weighting of optimal probabilities
by times played in probability matching algorithms, to very specific, such as attempts to
add an “exploration bonus” to the reward received, or to price the knowledge gained [25].
The key lesson of these efforts is that there are a multitude of different ways in which the
effect of the concept of value of information and exploration can be felt, even if they are
not explicitly characterized. A unifying guiding principle of all of these algorithms is the
effort to internalize and encapsulate the effect of uncertainty and information within the
estimates of the value of different actions.
In the MAB setting, the information gains from exploration remain clearly separated
– each arm provides only information on its own underlying distribution, whereas in the
sponsored search setting, any squashing factor and allocation will provide information on
click-through-rates, which will inform estimates of the value for all other squashing factors
and allocations. In any assessment of the value of reducing uncertainty or gaining information, the effect of the increased information on all other arms must be considered. This
makes it difficult to extend the probability matching algorithms and other algorithms tailored to the multi-armed bandit domain to the sponsored search domain, as the updating
of probabilities and weights does not extend to this correlated information case.
The above discussion has assumed that we are viewing the various squashing factors and
their associated allocations as the “arms”. In one sense, this is the most natural conception,
as the squashing factors are the actions that the sponsored search provider takes, but in
another sense, this is one step more complex and removed from the basal revenue drivers,
which are the advertisements themselves. If one thinks of the advertisements as the arms,
then the distribution behind each arm is a simple Bernoulli. The sponsored search learning
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problem is then the familiar MAB problem of discovering the parameters underlying the
distribution of each arm, with the change that in each time period, instead of specifying a
single arm to activate, the choice of a squashing factor and allocation specifies a bundle of
concomitant activations. Unfortunately, however, it has been shown that a Gittins index
characterization of arms is not possible when multiple arms can or, as in this case, must be
selected at each time period [2].
The multi-armed bandit problem provides a instructive framework for understanding
some of the exploration/exploitation tradeoffs of the sponsored search domain. While the
results from its relevant literature do not extend directly to the sponsored search auction
setting, they are certainly of considerable use in formulating how one ought to think about
trading off current revenue in favor of refined information.
We see that the sponsored search domain features some of the problems of both the
traditional metareasoning setting and the multi-armed bandit problem. Like the MAB
domain, there is no clear distinction between computational and external actions, and like
the metareasoning domain, exploration provides information about the utility of all actions,
not only the specific action taken.

4.3.3

Computational and external actions

Correctly calculating value of information for actions that receive both reward and information is primary obstacle that must be navigated to apply a metareasoning framework
like Russell and Wefald’s to the sponsored search domain, and resolving it proves to be
the most critical contribution to the success and applicability of value of information based
metareasoning to sponsored search auctions.
An agent action in the sponsored search setting consists of setting a squashing factor γ,
which, with reference to a set of beliefs about click-through-rates, entails a certain allocation
of advertisements. The setting of a squashing factor is both the mechanism by which the
auctioneer agent learns about the true click-through-rates of advertisements and receives
reward from the external world. When a squashing factor and associated allocation are set,
the true number of clicks observed provides both reward in form of advertiser payments and
information in the form of new observations for clicks and impressions that refines clickthrough-rate esimates. This is an environment drastically different from the traditional
metareasoning domain, where computational actions do not receive any reward, and external
actions do not provide the agent with any information.
This means that even when myopically exploiting, the agent is still recieving information
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in the form of refined click estimates for the ads that happen to be shown. The uncertainty
model over click-through-rate estimates combines with this fact to ensure that a myopically
exploiting algorithm actually explores a non-trivial amount, and will, given sufficient time,
converge to an information state with extremely accurate click-through-rate estimates.
The problem of metareasoning then becomes a question of degree: rather than trading
off immediate revenue for information in an all-or-nothing exchange, metareasoning in the
sponsored search setting must consider forsaking some amount of immediate revenue in
return for better information in the future. In the framework of metareasoning presented
above, we no longer have computational actions C1 , · · · , Ck and external actions α1 , · · · , αn ,
but only actions A1 , · · · , Am , all of which have some associated information value and and
some associated immediate revenue.
This impacts our decision-making framework in a number of places. The first is in
the calculation of αj∗ , the optimal action recommended after taking complete computation
Cj . Equation 4.5 tells us that the net value of a computational action Cj after taking
it is simply the expected utility from the optimal action αj∗ minus the expected utility of
previous default action α0 . This applies equally well to a repeated setting or a one-shot
setting. In the original repeated setting, optimal external action αj∗ will never change as
long as no further computational actions are taken, since no additional information is gained
from taking external action αj∗ . However, in the repeated case where additional information
is accrued by taking action αj∗ , optimal action will change over time. The import of this
change is that all computations, even those committed to taking a subsequent optimal
action, become like partial compuations, so that the first term of 4.5 must be projected
over all possible future actions, each of which also will provide information that further
changes optimal actions. Thus,
Û (Cj ) = Û C·Cj (αj∗ , Cj )
becomes the following chimera: letting Ct be the sequence of computations leading up to
time t and A∗t+1 be the optimal action (i.e. having highest expected utility) recommended
in time t + 1 by this sequence, the estimate of the value of an action Aj in time t is then
∗

Û (Aj ) = Û Ct ·Aj (A∗t+1 ) + Û Ct+1 ·At+1 (A∗t+2 ) + · · ·
∞
X
∗
Ct ·Aj
∗
= Û
(At+1 ) +
Û Ci ·Ai (A∗i+1 )

(4.9)
(4.10)

i=t+1

In words, we consider taking action Aj and then following the policy that chooses actions
in subsequent time periods to maximize expected revenue. The impact of an action Aj on the
subsequent sequence of expected revenue maximizing actions is driven by the information
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state arrived in at time t + 1 after taking action Aj , as this internal state will inform the
subsequent sequence of expected revenue maximizing actions. We are thus treating each
action as a complete computation in that we assume it will follow a revenue maximizing
policy, but also recognize that each action within the revenue maximizing policy provides
additional information which may change subsequent optimal actions.
The computation of the sequence of optimal actions is generally intractable, as it requires
projection or simulation until the end of time. Methods for approximating or simplifying
this calcuation will prove critical to our metareasoning efforts. Acknowledging and understanding the non-standard information properties of this system proves to be the single
most important factor in applying a value of information based metareasoning process to
the sponsored search setting.

4.4

A Metareasoning algorithm for sponsored search auctions

Despite the potential difficulties and peculiarities of applying metareasoning to the sponsored search domain, it is clear from the weaknesses of the myopic algorithm that there
is a great deal of value to be gained from an intelligent rational decision-making process.
The metareasoning process attempts to calculate the value of the information gained by
setting a specific squashing factor and allocation by analyzing the effect of this additional
information on the optimally exploiting policy. Each squashing factor and associated allocation gives a certain number of impressions and expected clicks for each advertisement
– this information refines next-period click-through-rate estimates, and if the information
is valuable, a better squashing factor and allocation will be chosen then. Thus, the value
of information gained by setting a specific squashing factor is the increased revenue in the
future attributable to refined and more accurate click-through-rate estimates. An effective
metareasoning process will trade off current-period revenue in favor of information that will
allow for more informed future decision-making.
Our metareasoning algorithm consists of the following steps, which parallel the steps in
Russell and Wefald’s optimal control algorithm from section 4.1.1 [20].
1. Identify squashing factor set Γ and default best action γ 0 maximizing expected revenue
received this time period. This process is exactly identical to the myopic revenue
optimization algorithm presented in 3.2.1.
2. For each γ in Γ calculate the value of information through the following Monte-Carlo
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simulation
(a) Determine the allocation of slots and advertisements, and the associated number
of effective impressions accrued to each advertisement
(b) Simulate the number of clicks each advertisement will receive next period
(c) With the new simulated click-through-rate estimates, repeat the myopic revenue
optimization process to find the new optimal squashing factor γ ∗
(d) The value of information is the additional expected revenue gained in from setting
squashing factor γ ∗ instead of γ 0
(e) Repeat this process for a number of time periods into the future, and for a large
number of Monte-Carlo steps
3. Choose the squashing factor that has the highest sum of expected revenue and value
of information

4.4.1

Complete computations and meta-greedy assumption

The metareasoning algorithm takes what Russell and Wefald call the “meta-greedy assumption,” which allows us to treat all actions as complete computations [20]. The standard assumption is that the current time period is the last time period in which we will be allowed
to take a computational action and receive information, and that for the rest of the future,
only external actions will be taken. Since there is no distinction between external and computational actions in the sponsored search setting, this assumption is recast as: each time
period, we assume that this is the last time period in which we will forgo current revenue
in favor of better information, and that for the rest of the future, we will be following the
myopic revenue maximizating policy. This is distinct from the traditional metareasoning
framework, where due to the lack of information gained by taking external actions, once the
agent commits to taking a certain action, nothing will change for the rest of time. For the
metareasoning case, we assume that the agent commits to the policy of myopic exploitation
after time t, but the squashing factors chosen in the future by this policy will vary, due to
the additional information gained each time period.
Of course, we make the same assumption and follow the metareasoning process next
time period, so the assumption is never technically accurate, but it allows us to meaningful
reason about the value of information on the myopic exploitation policy. Technically, the
meta-greedy assumption allows us to directly apply equation 4.9 without consideration of
the spectrum of possible ways of completing a partial computation. This allows us flexibility
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to abstract away from the cascading effect of different information and the inter-temporal
credit assignment problem of attempting to calculate the value of information for a sequence
of partial computations.

4.4.2

Value of Information

Our concept of value of information captures the fact that information in the form of clicks
and impressions affects future revenue by refining click-through-rate estimates and changing the future behavior and perception of optimal revenue-maximizing action. Recalling
equation 4.9 we see that in the sponsored search setting, the estimated value of information
calculation for squashing factor γ is
∗
V̂ (γ) = Û Ct ·γ (γt+1
) − Û Ct ·γ (γ 0 )

(4.11)

Where, as above, Ct is the sequence of actions (i.e. squashing factors) set up to time
t. In other words, when we denote Û Ct (γ 0 ) we mean the estimated value setting squashing
factor γ 0 with respect to the information state, that is, the click-through-rate estimates after
having set the sequence of squashing factors Ct in the past. And when we denote Û Ct ·γ (γ 0 )
we mean the estimated value γ 0 with respect to the information state at time t + 1 where we
have set squashing factor γ in time t, and refined our click-through-rate estimates based on
the allocation associated with γ. This characterizes the following metareasoning intuition:
“The value of information I gain from setting a squashing factor in time t is the increased
revenue I would expect from taking the best action, knowing what I know now in time t + 1,
versus the increased revenue I would expect from taking the default action, still knowing
what I know in time t + 1.” The fact that one compares the revenue from the optimal
squashing factor and the default squashing factor with respect to the same information
state is very important, as comparing squashing factors and estimated revenue with respect
to different CTR estimates is ultimately meaningless.
Figure 4.1 shows the impact on expected revenue curves of the different information
states resulting from setting different squashing factors. Equation 4.11 ensures that all
comparisons between squashing factors are made on the same curve, so that the information
underlying the calculation is the same.
Earlier, we had utilized a value of information calculation that did not make this distinction, calculating value of information as
∗
V̂ (γ) = Û Ct ·γ (γt+1
) − Û Ct (γ 0 )
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Figure 4.1: Different time t + 1 Expected Revenue Graphs resulting from setting different
γ in time t
so that the expected revenue for new γ ∗ was calculated with respect to the new information
state, but for default action γ 0 , it was calculated with respect to the old information state.
This can be seen on figure 4.1 as comparing, for example, the expected revenue of perceived
optimal γ = 0.3, 0.65 with current time information (solid line) to new perceived optimal
γ = 1, 0.7 with information resulting from setting γ = 0.5. This drastically understates
the value of information of setting γ = 0.5, because not only does γ = 0.5 result in the
identification of a new and better optimal squashing factor, it (more importantly) refines
the revenue curve, bringing it closer to the omniscient curve.
We make two further assumptions in order to facilitate metareasoning, and to make the
process more computationally tractable. In order to simulate the effect of the information
gained from setting γ in time t on the optimal myopic exploitation policy for the rest of
time, we apply 4.11 for times t + 1, t + 2, · · · . Since it is generally infeasible to simulate
this for the entire future timeline, we simulate this for a fixed number of steps into the
future. This both allows the effect of the additional information accrued by setting γ in
time t to be felt over a longer time horizon. Additionally, we make a “big-step” assumption
that allows us to amplify the information gained by setting a specific squashing factor.
The sponsored search model we use typically operates in an information-scarce setting –
the discussion in section 4.3.1 outlines some of the reasons why this is both useful for
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the metareasoning process and plausible. However, this means that often one time step
worth of additional information is insufficient to materially change CTR estimates to shift
behavior. Thus, in the metareasoning process, we assume that the next allocation will
persist for a longer period of time so that more effective impressions are accrued, or more
“information tokens” are present for us to distribute. Note that this assumption does not
change the actual rules of the auction or model, merely “tricks” the metareasoning process
into thinking that it will receive more information than it actually will. This ensures that
the metareasoning algorithm believes that sufficient information will be gained to change
optimal revenue-maximizing behavior in the future.

4.4.3

Simulating the future and information uncertainty

When we consider V̂ (γ) it is important to remember that this is an estimated value over an
array of possible future information states. Recall that equation 4.7 evaluates this estimated
value by taking an integral over the possible different information states we can arrive in after
taking the relevant computation. Since it is not possible to solve for a closed-form solution
of our revenue equation, we approximate this value through a Monte-Carlo simulation (step
2 above). We repeatedly draw a set of simulated new clicks and impressions, assuming that
advertisement clicks are distributed binomially with p = Êt = Ct /It , the mean estimate of
click-through-rates, and n equal to the number of effective impressions accrued. These new
clicks and impressions represent the new information state we find ourselves in after having
set squashing factor γ.
Figure 4.2 illustrates this process. In time t, the metareasoning process considers setting
a number of alternative squashing factors γ1 , γ2 , γ3 . The algorithm simulates the potential
information states that one could arrive in at time t + 1 after having set a specific squashing
factor in time t – these are the small circles. With respect to these new information states,
a new optimal squashing factor γ ∗ is calculated, and value of information and the utility
of each squashing factor is calculated. Simulation in this way answers the question “what
will I know in t + 1 if I do this in t”? The algorithm then goes on to answer the question
“if I know that at time t + 1, what is the best thing I can do and how much better is it
than what I would have done ignorantly?” This value of information characterization is the
critical component of our metareasoning algorithm.
In summary, our metareasoning process utilizes a value of information calculation to
reason directly about the effect of setting specific squashing factors and allocations on
CTR estimates and future revenue. We adapted the traditional metareasoning framework
to account for the lack of distinction between computational and external actions. By
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Figure 4.2: Information State Simulation Illustration
reasoning about the effect of its current actions on future information and revenue, our
metareasoning algorithm is able to overcome much of the naivety of the greedy algorithms,
and to rationally balance exploration and exploitation.

Chapter 5

Performance Results
Now that the concepts behind and motivation for a value of information based metareasoning algorithm for sponsored search auctions are clear, we are interested in how metareasoning performs. We are interested in a number of different metrics, the analysis of which will
contribute to a more complete understanding of the suitability, applicability and potential
of applying metareasoning to sponsored search auctions.

5.1

Simulation parameters

The following experiments were performed with the following default set of parameters:
• n = 8, k = 5 – it is convenient to choose n > k so as to eliminate the cases of unsold
auctions and
• The marginal distributions of true click-through-rates and values were beta with a =
2.7, b = 25.4 and lognormal with µ = 0.35 and σ 2 = 0.7. Using a Gaussian copula,
we generated correlated CTRs and values with Spearman correlation ρs = −0.51 A
correlation of -0.5 was chosen as a value such that weighting by click-through-rate
would be important, but that we would also see interesting results with intermediate
squashing factors being optimal2 .
• Effective impressions – the top slot received 50 effective impressions per time period.
1

As Lahaie and Pennock note, a copula is a function that takes two marginal distributions and gives a
joint distribution. We follow in referring to Nelsen’s An Introduction to Copulas for further exposition [14].
2
Recall from earlier discussion and from Lahaie and Pennock that as Spearman correlation approaches
-1, squashing factor 1 becomes optimal [14].

49

CHAPTER 5. PERFORMANCE RESULTS

50

We typically assumed for the “big-step” assumption (section 4.4.2) that the top slot
received 5 times as many effective impressions in the metareasoning process.
• Attention decay factor – δ = 1.1, so that the second slot received 50/1.1 = 45 effective
impressions, the third, 50/(1.1)2 = 41, etc.

5.2

Revenue

Primarily, we are interested in the revenue properties over time of the metareasoning algorithm, principally in comparison to a myopic expected revenue-maximizing algorithm, but
also in comparison to an omniscient designer with access to true click-through-rates. We
are particularly interested in the evolution of revenue dynamics over time. On the exploration side, we use the variance based exploration algorithm as a benchmark heuristic for
an algorithm devoted entirely to exploring, and compare the CTR estimate convergence
properties of the metareasoning and myopic algorithms to it.
Due to variance in the actual number of clicks received each time period, absolute revenue
is an extremely volatile measure. Expected revenue, even for an omniscient designer, is
the same each time period, and the squashing factor and allocation set by an omniscient
algorithm is the same, but actual revenue received is very different. Thus, in order to
meaningfully look at the performance of the myopic and metareasoning algorithms by a
less volatile metric, we consider the cumulative performance ratio, that is, the ratio of
cumulative revenue obtained in time periods 1, · · · , t of a given algorithm, divided by the
cumulative revenue obtained in the same time period by the omniscient algorithm. This
normalizes performance to the same scale, allowing us to average over a large number of
runs with differing true click-through-rates and values. Figure 5.1 shows performance ratio
over time for the myopic and metareasoning algorithms, averaged over 15 runs.
We see from this graph that after about 20 time steps, or some 4000 total effective
P
impressions (20 4i=0 50 ∗ (1.1)i ) the metareasoning algorithm begins to outperform the
myopic algorithm, ending at 50 time steps with a significant advantage over the myopic
algorithm.
The range of performance for all time periods is narrow. Performance of the metareasoning algorithm varies only between some 97% and 90% of omniscience and stabilizes at
93% while performance of the myopic algorithm varies between 99% and 89% and stabilizes
at just under 90%. The variance in cumulative performance ratio in early time periods is
due to the random behavior of both algorithms in a high uncertainty information state.
When CTR estimates are highly noisy, standard error of the knowledge model for CTRs
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Figure 5.1: Performance ratio over time for metareasoning and myopic algorithms
is high, and decision-making is driven by the wide range of information states the MonteCarlo simulation can arrive in 3.2.2. This is a significant contributor to the variance in
decision-making and revenue in early time periods.
Interestingly, we do not observe the perhaps intuitive pattern where both algorithms
significantly underperform the omniscient algorithm at the beginning, and slowly improve
their performance as information increases. Rather, we see that both algorithms exhibit
noisy and choppy performance in early time steps, but come closest to optimal performance
there. We would like to investigate whether this is a consequence of their priors and the
initialization of clicks and impressions. Since only a few number of clicks are being observed
each time period for a given advertisement (consider an advertisement with CTR 10%, a
fairly high value, appearing in the top slot – the expected number of clicks is still only 5),
the intialized values of clicks and impressions will have a disproportionately powerful effect
in the first several time periods.
We see that after this initial period, the performance of the myopic algorithm drops
precipitously. This is often due to a situation highlighting the weaknesses discussed in 3.2.3
– the myopic algorithm repeatedly sets a squashing factor and allocation that is suboptimal
with respect to the true click-through-rates, but that also results in an allocation where
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insufficient information is being learned about either excluded or low-appearing advertisements to refine estimates adequately. The algorithm receives insufficient reinforcement in
the form of refined CTR estimates to quickly change its behavior. The performance decline
in the middle time periods is due to a protracted period of the algorithm mired in this
situation.
It is important to remember that the cumulative performance ratio metric is dominated
in early periods by early-period results. That is, each time period does not have equal
“weight” in determining the final shape of the graph we observe – early time periods have
a disproportionately large effect. This means that the near-optimal performance in early
time periods inflates perceived performance in the middle time periods. Even after estimates
have stabilized and the algorithm has reached a “steady-state” of expected revenue, optimal
squashing factor and associated allocation, the revenue graph will still exhibit some slope as
the effect of earlier time periods becomes diluted. Thus, the most important and relevant
part of cumulative performance ratio graphs is the tail end of the performance curve, after
the algorithms have both plateaued and reached a steady-state where the effect of variable
performance in early time periods has been sufficiently diluted.
Related to the importance of the tail end of the performance curves to analysis is the fact
that there are two vehicles for the improved performance of the metareasoning algorithm.
The first is faster convergence of CTR estimates to the “steady-state” so that the algorithm
approaches its best performance as quickly as possible, and thus receives its best possible
revenue for a longer period of time. The second is better CTR estimates at convergence.
Note that, as t → ∞, the CTR estimates for both algorithms will approach the true
values, as the number of impressions also tends to infinity. In a sense, this is the final, but
uninteresting steady-state of both algorithms. However, the quality of the intermediate state
reached by the algorithms where no material change in behavior is occurring due to increased
information, which is the state observed at t = 50 at the tail end of our performance
curve, determines the increased revenue accrued by the metareasoning algorithm for the
(presumably long) time between behavioral convergence and actual convergence of estimates
at infinity.

5.3

Speed of convergence and accuracy of CTR estimates

To understand the reasons underlying the improved performance of the metareasoning algorithm, an analysis of the speed of convergence of CTR estimates is highly instructive. This
is the most direct comparison of the information-gathering properties of the algorithms,
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Figure 5.2: Expected Revenue vs. Gamma for perturbed click-through-rates
and relates closely to the consideration of the diminishing returns to metareasoning as time
passes and click-through-rate estimates become more and more accurate. The algorithms
can be seen as traversing different sets of information states, and this sequence determines
the performance differences between the two.
We view the convergence properties of the variance based exploration algorithm as a
benchmark against which to compare the speed and accuracy of the metareasoning and
myopic algorithms. While the variance based exploration algorithm is not an optimal exploration algorithm, for reasons including but extending beyond the squashing factor interval
limitations discussed in 3.3.1, it represents a natural heuristic pure exploration strategy.
The accuracy of click-through-rate estimates is extremely important because it determines not only the expected revenue estimates of each of the algorithms, but also factors
directly in the calculation of allocations. Differences in the internal information state of
algorithms results in different perceptions of expected revenue and subsequently divergent
decisions.
We can observe the deterioration of revenue estimation quality by observing the graph
of expected revenue to squashing factor for perturbed click-through-rate estimates (figure
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5.2). The “true E” graph shows estimated revenue calculated using the true click-throughrate, and each of the other graphs shows estimated revenue calculated using the true clickthrough-rate perturbed by a random disturbance drawn uniformly from [−0.01, 0.01], [−0.05, 0.05], [−0.1, 0.1
respectively. Figure 5.2 demonstrates that poor quality estimates result in greatly skewed
estimates of revenue. Indeed, as these graphs represent the internal information state of the
sponsored search provider, they show that in order for the provider’s internal information
state to be close to the true state of the world, it is necessary for estimates to be quite
accurate, less than 5% away from true click-through-rates. This also highlights a weakness
of the myopic revenue-maximization algorithm. When estimates are poor, the perceived
revenue-maximizing squashing factor γ 0 is likely to be quite different from the true revenue
maximizer, and the algorithm is thus likely to be selecting a highly suboptimal squashing
factor and allocation.
It is interesting, but not surprising, to note that the largest errors in expected revenue
estimation occur for high γ, where the effect of click-through-rates are the strongest, and
thus the impact of errors in CTR estimates are most keenly felt. We would thus expect an
algorithm which garners accurate estimates to perform particularly well in an environment
where higher squashing factors are likely to be optimal. As discussed in section 3.2 and
shown in figure 3.1, when true value and click-through-rate are negatively correlated, the
impact of intelligent allocations becomes most important, and it is in these domains that we
expect an algorithm with accurate and fast estimation refinement capabilities to perform
well.
We can begin to understand the click-through-rate estimate convergence properties of
the myopic and metareasoning algorithm by examining their view of the world, that is,
the revenue predictions made with respect to CTR estimates at different time periods. For
us, the relevant views are the expected revenue vs. squashing factor graphs, or what each
algorithm “thinks” the revenue landscape looks like. This graph determines primarily the
actions of each algorithm at a given time step, and which squashing factors are regarded as
attractive and which are not. These graphs are for a representative set of click-through-rates
and values drawn from the distributions explained above, and are an example of the way
the algorithms regard the world for one specific incarnation of the world. The performance
graphs, in contrast, represent an average over a number of runs.
Figure 5.3 shows the relevant graphs for the two algorithms at times t = 2, 5, 25, 50.
“True E” in both graphs refers to the “true” state of the world, that is, expected revenue
graphs using true click-through-rates in determining allocations and payments. Estimates
are highly inaccurate after one time period in t = 2 for both algorithms, but begin to
approach the shape of the true revenue curve as early as t = 5. By t = 50, CTR estimates for
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(b)

Figure 5.3: (a) Metareasoning algorithm “World Views” at various times (b) Myopic algorithm “world views”
both algorithms have converged to a reasonable approximation of true CTR, and the revenue
graphs are correspondingly similar to the true revenue graph. This provides evidence for
the plateau of diminishing returns for metareasoning – by this time, as estimates for both
algorithms are very similar and accurate, there is very little additional benefit to be gained
from metareasoning. Indeed, the value of information for all actions becomes very low
at this point, since additional information does not materially change current estimates,
and the behavior of the two algorithms converges as well. The difference in the revenue
graphs at t = 25 between the two algorithms demonstrates the faster convergence of the
metareasoning algorithm – the metareasoning graph at t = 25 does not materially differ
from the graph at t = 50, whereas the myopic algorithm graph is more inaccurate.
This demonstrates the first vehicle for the improved performance of the metareasoning
algorithm – faster behavioral convergence to steady state estimates.

5.4

Variance Based Exploration and squashing factor intervals

The variance based exploration (VBE) algorithm presented in section 3.3 is a very naive
algorithm. Its behavior is determined entirely by the allocation of a single advertisement,
which causes it to lose much of the complexity and reasoning power in an environment as
interrelated and interdependent as a sponsored search auction. In addition, it completely
disregards revenue, which, at the end of the day, is what a sponsored search provider is
concerned with.
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For these reasons, VBE is unsuitable as a self-contained adaptive sponsored search auction algorithm. Figure 5.4a, the performance ratio curves for the algorithms run with
potential squashing factors drawn from [−2, 2] rather than [0, 1] as is typically the case,
demonstrates the poor revenue performance of VBE in comparison to the metareasoning
and myopic algorithms.
These performance curves are additionally interesting because they demonstrate that
even for the expanded set of allocation mechanisms considered with the expansion of potential squashing factors to a wider interval, the metareasoning algorithm outperforms myopic
revenue maximization. This shows that the metareasoning process can meaningfully navigate a larger landscape of potential squashing factors, as the average size of Γ more than
doubles when the algorithm expands from [0, 1] to [−2, 2]. This is further encouraging evidence that the performance of the metareasoning algorithm is not merely a coincidence of
the particular problem formulation we have chosen, but is instead applicable to and valuable
in a wide range of related dynamic sponsored search auction mechanisms.
(a)

(b)

Figure 5.4: (a) Performance Ratios for VBE, metareasoning and myopic algorithms (b)
VBE, metareasoning and myopic “world views” at t = 30
While the revenue properties of the VBE algorithm are lackluster, and expectedly so, of
greater interest is its use as a benchmark for information convergence properties. Figure
5.4b demonstrates the improved informational properties of the VBE algorithm at time
t = 30, again, for a representative example set of click-through-rates and values. All 3
algorithms have properly captured in some sense the correct pattern of peaks and troughs.
The graph from the VBE estimates is markedly more accurate than that of the other two
algorithms, but the metareasoning algorithm results in estimates and a revenue graph that
is again significantly more accurate than the myopic algorithm. It is striking that the VBE
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algorithm maintains a high degree of accuracy even when γ is high and the effect of accurate
(or inaccurate) CTR estimates is most sharply felt.
Although the metareasoning estimates are markedly more accurate than those of the
myopic algorithm, they are still significantly different from true estimates, and fall dramatically short of the accuracy of even the simple variance based exploration heuristic. The
two parts of figure 5.4 indicate that value of information based metareasoning, by focusing
primarily on revenue and changes in revenue effected by changes in information state, falls
significantly short of optimal or even greedy exploitation in information quality, but reaches
a state of sufficiently accurate information to obtain desirable revenue properties.

5.5

Click and Impression priors

There are a number of logical and intuitive choices for priors, that is, initial counts for clicks
and impressions. Perhaps the most natural is 0 clicks and 0 impressions, as this reflects the
true state of knowledge – the provider has neither shown any ads nor received any clicks from
these ads. However, in this case, the standard error is infinite, making it difficult to model
uncertainty using the method described in 3.2.2. We can loosely categorize the possible
types of priors as “pessimistic” to “optimistic” and “ephemeral” to “persisting”, where
“pessimistic” means the prior assigns low click-through-rate estimates to all advertisements
(low click initialization), and “optimistic” means high click-through-rate estimates, while
“ephemeral” means that the effect of the prior will quickly be outstripped by new clicks
and impressions, and “persistent” means that the effect of the prior initializations will be
felt for a number of time steps. The following table makes this somewhat clearer by giving
examples of possible initial values c and i for each “type” of prior
Pessimistic
..
.
Optimistic

Ephemeral

···

Persistent

c = 0, i = 1

c = 0, i = 5

c = 0, i = 10

c = 1, i = 2
c = 1, i = 1

c = 2, i = 5
c = 5, i = 5

c = 5, i = 10
c = 10, i = 10

In the balance of our simulations, the priors were optimistic and ephemeral.
Of particular interest is the intermediate ephemeral prior, c = 1, i = 2, as this prior
maximizes standard error (short infinity). In this sense, this prior captures the idea that
we have maximum uncertainty at t = 0. This allows for the greatest amount of randomness
in uncertainty simulation and thus spans the largest possible set of alternative information
states. Intuitively, this should allow for the most dynamic and natural exploration of
uncertain click-through-rates.
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We found through simulation with several different combinations of priors that changing
priors does not drastically change performance. The performance ratio curves for both
algorithms were extremely similar for other priors, except that for persistent priors, the
metareasoning algorithm generally took longer to overtake the myopic algorithm, as it
takes more time periods for the learned click-through-rates to dilute the effect of the priors.
This was particularly the case for the optimistic prior, since a large number of initial clicks
plays a disproportionately large effect in determining CTR estimates in early stages. In
addition, we found that modifying prior counts for clicks and impressions does not affect
the near-optimal performance of early time periods.

5.6

True distributions and value/click-through-rate correlation

The tests above have used the same beta and lognormal marginal distributions and Gaussian copula for generating true click-through-rates and value, and additionally have all used
Spearman correlation -0.5 between CTR and value. This is akin to choosing a single keyword to model on, as the true distribution of CTRs and values will likely vary significantly,
between keywords. For example, it may be the case that for a keyword such as “soda”
dominated by a few large brands, value and CTR may be highly correlated in an extremely
top heavy distribution, where the top advertisements have both high value and high CTR
(Coca-Cola and Pepsi, for example), whereas the rest of the advertisements have both low
value and low CTRs. Conversely, it is possible for a keyword purchased by a large number
of homogeneous advertisers (such as printer paper, for example) to have uncorrelated and
uniformly distributed values and CTRs. While it is not easy to predict a priori the distribution and correlation structure of any given keyword, it is clear that it is possible for a
wide range of different keyword-specific distributional structures to exist.
The marginal distributions used in our simulations were taken from Lahaie and Pennock,
and are reasonable models of true Yahoo! data for a specific high-activity keyword [14]. In
order to verify that our results are not simply due to our particular choice of parameters
and distributions, we also repeated the simulation for uniformly distributed, uncorrelated
value and click-through-rates, and obtained the comparable results shown in figure 5.5.
The success of value of information based metareasoning with this extremely general set
of values and click-through-rates is indicative of its applicability to a wide range of keywords
with different particular relationships between value and CTR.
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Figure 5.5: Performance ratio over time for uniformly distributed and uncorrelated values
and CTRs

5.7

Information Density

As discussed in section 4.3.1 the information density of the environment plays a significant
role in determining the potential benefit of metareasoning. In an extremely information
rich environment, the myopic algorithm is able to explore sufficiently merely as a byproduct of greedily maximizing expected revenue, as each allocation offers a large number of
impressions to all slots and allows for rapid refinement of estimates, even without active
consideration of the information or exploration properties of an action. Above, we were in
a moderate informations setting, where the top advertisement receives 50 effective impressions per time period, with the number of impressions per slot exponentially decreasing for
lower slots. Figure 5.6a shows performance with 250 effective impressions per time period,
a high information setting, and demonstrates that the performance of the metareasoning
algorithm deteriorates in comparison to the myopic algorithm in this environment. Here
the relative value of forgoing current revenue for better information is lower, as no matter
what allocation is made, a great deal of information is obtained simply due to the large
number of impressions.
It is somewhat surprising that both the metareasoning and myopic algorithms do more
poorly in a high information setting than the moderate information setting we have typically explored. Both algorithms stabilize at around 88% performance ratio. This can be
attributed in large part to the secondary effect of the way in which we chose to implement
or model information density. By using the number of effective impressions per time period
as the tuneable parameter information richness, we also introduce the secondary effect that
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any allocative mistakes are multiplied in their effect on revenue. If one algorithm’s allocation had, for example, swapped the top two advertisements in the omniscient allocation,
they would lose revenue for two reasons, first, the more valuable advertisement would receive fewer clicks, and second, the advertisement in the top slots per-click payment would
be mispriced. The magnitude of the former of these effects does not depend on the number
of effective advertisements and total number of clicks, but the latter does. The effect of
these per-click mispricings is exacerbated in our high information setting by the increased
number of effective impressions and clicks each time period.
We also investigated the performance of the two algorithms in a low information case,
where only 10 effective impressions were allocated to the top slot each time period. In this
setting, neither algorithm is able to learn effectively, as, with so few effective impressions per
time period, estimates are not refined drastically enough from time period to time period.
(a)

(b)

Figure 5.6: (a) Performance ratios in information rich environment (b) Performance ratios
in information poor environment
We see that the performance of a value of information based metareasoning algorithm is,
unsurprisingly, highly sensitive to the information structure of the domain. Both too much
and too little information are highly deleterious to the performance of our metareasoning
algorithm.
The primary result of our simulations is captured in the tail end of the performance
graphs in figure 5.1: the improved revenue properties of the metareasoning algorithm in
comparison to a greedy revenue maximizing heuristic. Examining click-through-rate estimates and perceived revenue curves over time partially informs the better performance of
the metareasoning algorithm. Although slower to converge to accurate estimates of true
CTRs than a greedily exploring heuristic, the metareasoning algorithm leverages value of
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information to focus learning on valuable advertisements and more quickly converge to
accurate click-through-rate estimates that inform valuable squashing factor selections and
allocations. Parameter tuning revealed that the information landscape of the sponsored
search auction, which may vary from keyword to keyword, is critical in determining the
success and utility of metareasoning. Our results demonstrate that while there is certainly
significant potential in increased revenue to be gained from metareasoning, careful consideration of keyword or auction-specific properties is crucial.

Chapter 6

Discussion and Conclusion
We have investigated the sponsored search advertising industry, a rapidly growing segment
of Internet marketing that is particularly interesting due to its tremendous growth potential and because of its unique history in adopting and refining auction mechanisms as the
dominant method of sale. This represents both a striking divergence from traditional methods of advertising, both online and otherwise, and is a success story of applying dynamic,
customer-based pricing to a complex sale. Following Lahaie and Pennock, we extended traditional auction mechanisms to a squashing factor family of allocation mechanisms, which
allows the sponsored search provider to set a variety of different allocations and payments
useful for both revenue and information properties [14]. Using an simple and elegant yet
powerful and representative game theoretic model due to Varian, we were able to characterize equilibrium bidding strategies of the advertisers, and thus were able to calculate
expected equilibrium revenue to the sponsored search provider [24]. Our world is the extension of this game to a multiple-period model, with agents playing a specific equilibrium
policy, and the provider possessing uncertain and noisy information about the advertisers.
We developed a model for reasoning about this uncertainty through simulation, and provided means for greedily maximizing perceived revenue or perceived information gain. We
then adapted a metareasoning framework to rationally deliberate about sacrificing present
revenue in favor of improved information and higher future revenues. In empirical simulation, we demonstrated the value of metareasoning and analyzed revenue, information
and convergence properties under a varying set of modeling parameters, including information richness, prior estimates and true underlying CTR and value distributions. Most
importantly, we found that the information landscape of the domain plays a significant
determining role in the value of metareasoning, and should be the first and most important consideration of any attempt to apply a value of information metareasoning process to
62
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sponsored search auctions.

6.1

Application Potential

It is somewhat difficult to discuss the application potential of a metareasoning algorithm to
current incarnations of sponsored search auctions, since the two dominant forms of sponsored search, Google’s AdWords and Yahoo’s Overture system both use systems more complex than simple click-through-rate estimation. Google leverages the strength of its search
algorithms to tailor a relevance score that is both a proxy for and an extension to clickthrough-rate estimates. The game theoretic framework employed in our analysis is an
instructive one, concerned primarily with analytical tractability and descriptive elegance
rather than faithfulness to reality. That said, the performance improvements due to metareasoning and careful consideration of value of information are non-trivial. Utilizing the
principles of metareasoning and carefully learning about advertisements is of great use to
sponsored search providers. Rather than treating relevance and click-through-rate estimation as primarily a search problem, there is a certain value in regarding it as a joint search
and statistical sampling and machine learning problem.
An actual implementation of value-of-information based metareasoning, even beyond
the simple algorithms presented here, requires the careful consideration and analysis of the
real-world barriers and impediments to such an effort.

6.1.1

Advertiser and user barriers

The rank-by-revenue and rank-by-bid allocation mechanisms have received a great deal of
attention and usage in industry because of their simplicity and elegance. There is a significant barrier to entry arising from the difficulty in garnering support and acceptance
of the more complex and opaque mechanisms of the squashing factor family of allocation
rules. Indeed, this reluctance to adopt or accept a novel set of mechanisms is not mere
conservatism or technophobia. Lahaie and Pennock have done an in-depth analysis of the
effect and potential of using the squashing factor family of allocation rules, and found that,
while intermediate choices of squashing factor may be revenue-optimal for the sponsored
search provider, these optimal squashing factors may not result the most efficient or relevant
allocations, where efficiency is measured by total revenue to both the provider and the advertisers, and relevance is measured by the total effective click-through-rate of the allocation
[14]. Since efficiency and relevance are the primary metrics determining user satisfaction for
both the advertisers and the end-user to whom the advertisements are displayed, deviating
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from optimal levels of efficiency and relevance is likely to foment discontent and lead to
customer attrition.
Lahaie and Pennock propose one solution of setting acceptable thresholds for efficiency
and relevance loss and maximizing revenue with respect to these constraints [14]. It is unclear how much these constraints would hamper the ability of the metareasoning algorithm
to adequately explore. Certainly by limiting the possible interval of squashing factors to
a narrower band, the ability of the VBE algorithm to explore is severely impaired. The
fact that metareasoning similarly outperforms the myopic algorithm in both the wider [-2,2]
interval and the narrower [0,1] interval is heartening evidence that metareasoning is able
to do well in a narrower band, but as the number of alternative allocations and squashing
factors usable by metareasoning decreases, the performance gap between the two algorithms
will close as well.

6.1.2

Real information density

We have shown that the performance of metareasoning deteriorates in extreme information
landscapes, where exploration either becomes moot or impossible. Unfortunately, we cannot
tune the information landscape of the real world. Ensuring a constant and uniform number
of impressions per time period can be achieved somewhat tautologically by defining the
length of a time period with respect to the number impressions accrued. However, the nonuniformity of time period length in real time is jarring for advertisers, resulting in customer
dissatisfaction as well as lagged or suboptimal bid adjustments. This process would require
not only that advertisers be introduced to a novel and somewhat complex set of allocation
mechanisms, but also be told that the relevant and active allocation mechanism will be
consistently changing, and further, that it will be changing at irregular, unpredictable and
non-transparent intervals. The assumption that advertisers will be able to instantly adapt
to their equilibrium bids becomes even more troublesome in this case.
Aside from the problems introduced by impression-based time period definition, information density is also determined by the attention decay rate, and the number of effective
impressions received by advertisements in lower slots. This is also likely to be quite different
from keyword to keyword, and, while taken as exogenously given in our model, must be
learned by the sponsored search provider.
Any attempt to apply a value of information based metareasoning process to sponsored
search auctions must carefully evaluate and understand the information properties of the
keywords to which it will be applied, since it is likely to be the primary factor determining
the success or failure of metareasoning.
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Future Work and Extensions

The applications of value of information based metareasoning and the general adaptive auction framework presented here are merely first tentative forays into applying this type of
dynamic control algorithms to the sponsored search setting. There are a host of further refinements and extensions improving the performance of the algorithms and adapting models
to more realistic settings.

6.2.1

Dynamic algorithm swapping

The weaknesses of the VBE and myopic algorithms and their complementary strengths
naturally raise the idea of switching from exploration to exploitation after a certain level of
estimate accuracy has been reached. This hybrid algorithm would result in rapid exploration
in early time periods, followed by greedy revenue maximization when estimates are accurate
and the myopic algorithm is likely to be most successful. This approach leverages the
respective strengths of the myopic and VBE algorithms while minimizing the effect of their
weaknesses. By exploring when uncertain and exploiting when confident of our knowledge,
this algorithm represents perhaps the most natural solution to balancing exploitation and
exploration: explore until we know enough, and then exploit.
The primary obstacle facing this approach is the determination of when to flick the
switch from exploring to exploiting. Optimally, we would like to switch from exploring to
exploiting as soon as the perceived optimal squashing factor and allocation with respect
to current estimates is the same as the true optimal squashing factor and allocation. This
is difficult to determine a priori, however, as the algorithm does not have access to the
omniscient designers decision. This process suggests a further level of meta-control, where
at each time step, a meta-algorithm selects not which ranking mechanism and allocation
to execute, but rather which algorithm, perhaps among value of information metareasoning
algorithm, myopic revenue maximization, VBE or a number of others, to execute, which in
turn selects an allocation.
Such an effort is a first step towards reconciling the heuristic appeal of VBE and myopic
revenue maximizing algorithms and their obvious and glaring weaknesses. The complementary strengths and weaknesses of the algorithms presented here naturally invites an
attempt to marginalize their weaknesses and capitalize on their strengths by utilizing each
when most appropriate.
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Multi-Armed Bandit extensions and Exp3

An alternative method for addressing the weaknesses of VBE and myopic exploration draws
its inspiration from one of the “probability matching” algorithms developed for multi-armedbandit problems, the Exp3 algorithm of Auer et al [1]. In the MAB setting, Exp3 associates
scores with each arm, at each time period randomly choosing an arm weighted by a probability that is a combination of their relative weight vs. all arms and a random exploration
factor. The weight of the arm chosen is then updated by scaling by an exponential factor
of the normalized reward received [1].
The Exp3 algorithm is appealing for our domain because it represents one of the simpler
MAB algorithms that meaningfully balances exploration and exploitation and its weighting
mechanism is intuitively and simply applicable to our conception of arms as advertisements.
However, since we do not directly “pull” arms in our sponsored search auction setting,
extension of Exp3 requires careful consideration of how to map a set of weights on arms to
a set of probabilities over squashing factors, which are the actions considered by the provider.
One method is to calculate the probability score of each advertisement as in Exp3, and to
weight each potential squashing factor by the sum of the scores of the advertisements that
would appear, weighted by position.
Our first attempts at implementing this extension to Exp3 proved fruitless, as the way
in which advertisement probability scores were aggregated to generate probability scores
for squashing factors did not correctly maintain the probability properties that should be
associated with arms in the traditional bandit setting. In addition, the revenue received by
an advertisement varies from time period to time period, depending on the allocation and
squashing factor chosen. This means that learning the reward distribution underlying an
advertisement arm is not a simple process of learning the CTR parameter to a Bernoulli
distribution, but is rather far more complex and may not be parameterizable.

6.2.3

Time dependent values and click-through-rates

In this work, we have assumed a constant set of values and click-through-rates for advertisers, so that their internal valuations and the innate quality or relevance of their advertisements does not change over time, and only their equilibrium bids change. In reality,
advertiser-specific values are likely to change as their marketing requirements evolve over
time. As a very simple but illustrative case, AdWords allows advertisers to specify a per-day
budget for advertising. After this budget is exhausted, the advertisers advertisement will
no longer be displayed. This is essentially a case where the advertisers valuation drops to
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0. Alternatively, in a case where a company is launching a new product, they are likely
to intially have a very high valuation for advertising as market share and brand recognition are established. Time dependent valuations are interesting because of their clear real
life motivation and revenue implications, but does not present addition direct problems to
learning, as our game theoretic analysis assumes that all valuations are publically known.
Advertiser specific click-through-rates are also likely to change over time. In a simple
case, assume some constant number of searchers who query a certain keyword, and assume
that no one will ever click the same advertisement twice. In this case, the click-through-rates
of all advertisers will decrease over time, with the advertisers in the top slots decreasing more
quickly, as they begin to exhaust the “pool” of clicks available. There are also a large number
of exogenous factors, news reports, brand awareness drives, etc., that can cause drastic shifts
in the appeal and relevance of a given company’s advertisement. Time dependent clickthrough-rates means that metareasoning and exploration is more important, as we never
reach a plateau of extremely accurate estimates, because true CTRs become a constantly
moving target. However, it also means that a value information based metareasoning is more
difficult, as the perceived gains from setting a certain allocation may not come to fruition,
or that a great deal of importance was attributed to learning the click-through-rate of an
advertisement that suddenly becomes irrelevant due to changes in its true click-throughrate or value. Dynamically changing valuations could also lead to this latter problem,
where, after significant effort is invested in learning about a specific advertisement with the
intention of continued exploitation, only to have its value change.
An extension of this work to allow for some of the time dependent dynamism so characteristic of and essential to Internet advertising goes far in capturing some of the complexity
of online marketing abstracted away in this work.

6.2.4

Advertiser Behavior

We have assumed throughout, following Lahaie and Pennock and Varian, that advertisers
always bid the lower recursive solution to the symmetric Nash equilibrium [14, 24]. Introducing dynamic advertiser bidding agents using heuristic or behavioral strategies would be
an extremely interesting extension in the multi-stage auction system1 . Our current metareasoning process relies heavily on equilibrium analysis to calculate expected revenue, thus
introducing heuristic bidding strategies would require careful re-evaluation of the value of
information calculations and learning methods. Modeling advertisers as adaptive learning
agents places the system in a stochastic game setting where advertisers and auctioneer are
1

Acknowledgements are owed to Ivo Parashkevov and Jie Tang for illuminating discussion on this topic.
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learning in parallel about each other and responding to each others play. While this is
certainly a very interesting and generalizing extension of the multi-period sponsored search
auction, we anticipate that as agent strategies become more complex and equilibrium analysis becomes more difficult, value of information based metareasoning becomes less feasible,
and more traditional forms of game theoretic or statistical intertemporal learning may be
applied.

6.3

Concluding Remarks

The application of the consideration of the value of information and a rational decisionmaking process drawing on this calculation to a sponsored search setting is interesting both
as an academic and practical venture. While we would certainly regard attempting to directly apply the metareasoning algorithms presented here to a real sponsored search auction
as premature, it is clear that there is significant untapped potential in considering the value
of information gained from sponsored search auctions, and taking this into consideration
when generating allocations. The application of metareasoning to this domain demonstrates
that it is possible and indeed, quite useful to consider utilizing this form of rational decisionmaking in domains to which it does not immediately seem perfectly well suited. There is
potentially a significant and valuable role for value of information based metareasoning as
a control algorithm for adaptive sponsored search auctions, one that should receive future
attention from both industry and academia.
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